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All orthogonal polynomial systems satisfy a recurrence formula:

xp,,(x) = a". ,p" ,(x) + b"p,,(x) + a"p" Ii",
(I)

In case the weight function (over (-- x·, x )) is exp( -x"/6), h" = 0, and the a" also
satisfy the recurrence formula: n = a~(a;, +2a~ I I + a~ + I + 2a~ t I a;' + a;' + 1a~ I + a~ +
2a~a~_, + a~ ,+ a~ 2a~ ,). The existence of an asymptotic series for an has been
recently proved by A. Milti: and P. G. Nevai. The present paper is based on the
above two recurrence formulas. First, we apply Shohat's method to (I) to obtain a
ditTerential equation for P,,(x). Then, by applying the asymptotics of a" to this dif
ferential equation, we obtain Plancherel-Rotach-type asymptotics for Pn(x) in the
interval Ixl 0( cxn, where X n denotes the largest zero of P,,(x), and 0 < c < 1. (1987

Academic Press, Inc.

1. INTRODUCTION

Let ~v(x)=exp(-x6/6), xER, and let Pn(x)==}'nxl1+Yn __ lxll 1+ ... +
Yo, Yn > 0 denote the orthonormalized polynomials corresponding to w(x).
Then {Pn(x)} satisfies the recursion formula

(1.1 )

where an = Yn llYn' G. Freud [2] showed that the sequence {an} also
satisfies the recursion formula

n = 1, 2, ..., ao= 0, a I = 0. (1.2 )

* This material is a major portion of the author's Ph. D dissertation completed under the
supervision of Paul G. Nevai.
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Recently, A. Mate and P. G. Nevai [6] proved that there exists an
asymptotic series for an; in particular,

(
n ) 1/6 [ 1 1 ( 1 ) Jan= 10 1+ 36n2 +O n4 . (1.3)

All the classical orthogonal polynomials satisfy a simple second order
linear homogeneous differential equation with known initial conditions.
Applying the Liouville-Steklov method [13] to these equations, we can
immediately find asymptotics for these polynomials. However, there exist
other orthogonal polynomial systems which do not satisfy a simple or
explicit differential equation. Indeed, finding the associated differential
equation requires a great deal of effort; for example, in the case w(x) =
exp(-x4

), P. G. Nevai [8] proved that the corresponding orthogonal
polynomials PnCr) satisfy the differential equation:

P;,(X) - (4x 3 +2) p;,(x)
<Pn(X)

+ 4a~ (4<Pn(X) <Pn-I(X) + 1 - 4a~x2 - 4x
4

- 2 <P~~)) Pn(X) = 0

where <Pn(x) = a~ + 1 + a~ + x 2 and an are the coefficients in the recursion for
mula for Pn(x), The same idea was also used by Shohat [12] to find the
differential equation of Pn(x) associated to the weight function w(x) =
A -I exp(S BA 1 dx), where A and B are certain fixed polynomials. In this
paper, we will use the same method to find a differential equation of Pn(x)
associated to the weight function exp( - x 6/6). Then we will apply P. G.
Nevai's technique [9] to find asymptotics for the polynomial Pn(x) which
is valid uniformly for

(
32n) 1/6

Ixl:(c -5- , where 0 < c < 1. (1.4 )

G. Freud [3] showed that (32n/5 )1/6 is asymptotically equivalent to the
greatest zero, denoted as Xn' of Pn(x), In view of (1.4), the asymptotic for
Pn(x) will be valid uniformly for Ixi :( CXn, where 0 < C< 1. Additionally,
we will also get an asymptotic for L:;;:b p~(x) exp( -x6/6). These reults are
the extensions of three theorems in P. G. Nevai's paper [9], which state:

THEOREM A. Let Pn(x) be orthonormal polynomials associated with
exp( - x 4

), 0 < I:: < nl2 be fixed and x = (4n/3) 1/4 cos e. Then the asymptotic
formula
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PI1(x) exp( -x4/2) = 12 1iH n licn IX(sin 0) I C

1 1 . . Ii n1
. cos Ln· 12 (l20 - 4 Sill 20 - Sill 40) + 2: +4J

+ D(n 9i X)

holds un~formly for n = 1, 2, ... , and ;; ~ e~ n - ;;.

THEOREM B. Let {p,,(x)} be orthonormal polynomials associated with
exp( - x 4

), 0 < G < n/2 be fixed and x = (4n/3) 1/4 COS O. Then the asymptotic
formula

,,-I

n 34 I pHx)exp(-x4)=2(12)1/4(3n) IsinO(I+2cosCO)+D(n I)
k~O

holds uniformly for n = I, 2, ... , and [; ~ 0 ~ n - c.

An application of Theorem A was given in P. G. Nevai's paper [II],
which states:

THEOREM C. For a given interval ,1,

p,,(x) exp( -x 4/2)

= 12 1/ xn I/cn I/X. {( 1+ B1(x) n IC)

1(64)1/4 . (I )1.4 j
X cos L 27 . xn Ji4 + 12 . x 3n l

/
4

_ ~n

+(Bc(x)n li4+B,(x)n 3(4)sinL(~~)14xn3/4

holds uniformly for n = 1,2,... and x EO,1, where

and

1(3) 1/2 c 9 6 81 10)
B 1(x)=8 4 (x +lO x -400 x ,

1(3) 1/4 ( 9)B (x)=- - - :1:+- x5
2 2 4 . 20· ,
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2. RESULTS

235

THEOREM 1. Let 0 < c < nl2 be fixed and let x = (32nI5) 1/6 COS 8. Then
the asymptotic formula

Pn(x} exp( -x6/12)

x cos [:0 (608 - 15 sin 28 - 6 sin 48 - sin 68) + ~ - ~J+ O(n - 13/12)

holds uniformly for n = 1, 2, ... and c:::; 8 :::; n - c.

THEOREM 2. If 0 < I; < n/2 is fixed and x = (32n/5) 1/6 cos 8, then

n I

n 5/6 L PZ(x) exp( -x6 /6)
k~O

= 10 5/6n -1 sin 8· (16 cos4 8 + 8 cos2 8 + 6) + 0 G)
holds uniformly for n = 1, 2, 3, ... and c:::; 8 :::; n - c.

THEOREM 3. For a given interval LI,

Pn(x) exp( -x6/12)

= 101/l2n-I/2n-I/12. [(1 + B
1
(x)n- 1/ 3 + B

2
(x)n ~2/3)

·cosF+(B3(x)n 1/6+B4(x)n- 1/2 +B5(x)n 5/6)·sinF]

+ O(n 13/12)

holds uniformly for n = 1, 2, 3, ... and x ELI, where
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and

50625 ( 5 )35/6 16875 (5 )29/6
B 5C,,) = 4405854208 32 X

35

- 157351936 32 X

29

3625 (5)23/6 4475 (5)17/6
- 1404928 32 X

23

+ 301056 32 X

17

203881 (5)11/6 31 (5)5/6
+3548160 32 XII_256 32 x

5
.

3. LEMMAS

LEMMA 1. The orthonormal polynomials {p,,(x)} associated to the
weight function w(x) = exp( - x 6/6) satisfy the following equation:

where a" = y,,_ tfy", 1'" > 0 denotes the leading coefficient of p,,(x).

Proof of Lemma 1. Expanding p~(x) into Fourier series in {Pk(X)}, we
obtain

n -1

p~(x)= L CkPk(X),
k~O

(3.1 )

Multiplying (3.1) by pdx) on both sides and then integrate W.r.t. w(x),
we have

ck = fX) p~(x) Pk(X) w(x) dx
-72

= f) .Pk(X) w(x) dp,,(x)
-oc
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= [pAx) w(x) Pn(x)]CX)'l) - feD Pn(X)[Pk(X) w(x)]' dx
-00

237

(3.3 )

= -r Pn(X) p~(x)w(x)dx+ fOO Pn(X)Pk(X)x5w(x)dx. (3.2)
-cr., -Y;.'

Since the degree of p~(x) is less than that of Pn(x), by the orthogonality,
the first term of the right-hand side in (3.2) vanishes. So

Ck = feD Pn(X) Pk(X) x 5w(x) dx.
-x'

From (3.3) :ond orthogonality, we see that if k + 5 < n then I'k = 0, in other
words if k < n - 5 then Ck = 0; also from (3.2), if n - 1 + k is odd then
Ck = 0, since w( x) is an even function (see [13, p. 29]). This implies
en _4= ('n _ 2 = O. Therefore (3.1) becomes

p~(X)=Cn-5Pn-5(X)+Cn-3Pn-3(X)+Cn-lPn-l(X). (3.4)

Now we are going to expand x 5p,,(x) and then use (3.3) to find ('n-5, ('n 3'
and Cn _ l .

By repeated application on the recursion formula

(3.5)

we obtain

x 2Pn(x) = x· an + 1 Pn + 1(x) + X· an Pn- 1(x)

=an + 1 [an + 2 Pn + 2(X) + an + I Pn(x)] + an [anPn(x) + an - I Pn - 2(X)]

= an + Ian + 2 Pn+ 2(x) + (a ~ + 1 + a~) Pn(X) + anan _ 1 Pn_ 2 ( X). (3.6 )

Using (3.6), we see that

x 3pn(x) = x· x 2Pn(x)

= (an+lan+2an+3)Pn+3(X)

+(an+la~+2+a~+1 +a~an+I)Pn+l(x)

+(a~+lan+a~+ana~ 1)Pn-l(x)+(anan-lan-2)Pn-3(X).

Following the above procedure, we also have
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and
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+ (a;' + I a;' + 2 + a~ + I + a;' a;' + I + a;' f I a;; + a~ + a;' a;' I) p,,(\)

+ (a;' + la"a" I+a"a;; I+ a" la,;+a"a" I a;' 2)P" 2(X)

+ a" + I a~ + a" + 1a;' a;' _ I) P" + I (x) + (a"a;, + I a;' + 2 + a"a~ + I

+ a;' la;'_2 an) P" I(X) + (a;,+ la"a" I Un 2 + a;' a" la" 2

+a"a;, Jan 2 + anan I a;; 2+a"a" lan- 2a;'_3) Pn 3(X)

+anan Ian 2 U Il 3 a n 4P" sIx). (3.7)

Multiplying (3.7) by Pn_I(X) w(x) on both sides, then integrate and take
(3.3) into account, we obtain

e" l=an(a;'+2a;'+I+a~+1+2a;'+la;,+a;'+la;, I

+a~+2a;,a;, I +a~ I + a;' I a;' 2)· (3.8)

In view of (1.2), the right-hand side of (3.8) is exactly equal to n/a/l"
Therefore,

Similarly,

and

n

en 5 == UnU n I an 2 U ll Jan 4·

(3.9)

(3.10)

(3.11 )

The lemma now follows from (3.4), (3.9), (3.10) and (3.11). In the
following lemma, we will rewrite p;,(x) in terms of Pn-l(X) and Pn(x).
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LEMMA 2. If W(X) = exp( -x6/6), then the corresponding polynomials
{pn(.x)} satisfy the following two equations:

(3.12)

and

p~(x) = [2an(a~ + 1 + a~)x + 4anx 3-+ anxSifin(x)] Pn _ 1(x)

+ [n~(x)-n;,(x)-a~ifin(x)ifin_l(X)]Pn(x), (3.13)

where

ifin(x) = a~+ 1(a~+2 + a~+ 1 + a~) + a~(a~+ 1 + a~ + a~_l)

+x2(a~+1+a~+x2), (3.14)

and

(3.15 )

Proof of Lemma 2. First of all, we will express Pn_S(x) and Pn-3(X) in
terms of Pn(x) and Pn-l(X), and then apply Lemma 1. From the recursion
formula );Pn-l(x)=anPn(x)+an- 1 Pn-2(X), we have

(3.16)

This implies

Applying (3.16), we obtain

(3.17 )

If we substitute n - 2 for n into (3.17), then we get

640:50:3-4
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Applying (3.16) and (3.17) to the right-hand side of (3.18), we obtain

(
a"a,,_ 2X

- an 4 Q /1 3an

a" 3a"X+------
1 an 4 G n

+C"
X4 a,,_ I x 2

a" 3a" I+
4 an 3 an 2 0 n I G n __ 4 0 n Jan 2 a" 4 an

0

2x2 JPn
a" 1X~ a" l(X). (3.19)

an 4 Gfl :2 an I a" 4 Gn 3a"

It follows from Lemma 1, (3.17) and (3.19) that

p;,(x) = (a"a;, I 2a;, + I + a~ + I a" + 2a;, + I a~ + a;' + I a;' 1an

l(
0

.c a" 1)-- P"
an 2

dx) a_,,"_x_ P,,(X)j
an 2 an 1

+ anan Jan 2(11/ Jan 4

xlCn anan 2X
+

a" _3a"X anx} JPn(X)
4
a" 3a n 1 an 4

G
" 2 G 11 I G 11 _ 4 G n

+Cn

x 4 0

a" IX· an_1 a,, __ 1+ -
4 0 n 3 an - 2 an 1 a" 4 Gil Jan an 4 a" -- 2

an 4 G n 2 0 ll 1

a" 2X2) ]P" I(X) .
an 4 G n 3 0 n---1

If we multiply this out and arrange the like terms, then we arrive at

(3.20)
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By using (3.14) and (3.15), (3.20) can be rewritten as

This proves the first half of Lemma 2.
By differentiating (3.21), we obtain

241

(3.21 )

p~(X) = [an~;,(x) Pn- J(x) + an~n(x) p~ _ I (x)]

- [n;,(x) Pn(.x) + nn(x) p~(x)]. (3.22)

Applying (3.21), (3.22) becomes

p;;(x) = an¢J~(x) Pn- 1(X)

+ an¢Jn(X)[an- 1 ¢In )(X) Pn 2(.X) - nn )(X) Pn )(X)]

- n;,(x) Pn(X) - nn(X)[an(x) ¢In(X) Pn- I(X) - nn(X) Pn(X)]

= [an¢J~(X) - an¢Jn(X) nn-l(X) - an¢Jn(X) nn(X)] Pn l(X)

+[n~(x)-n~(x)]Pn(X)+an lan¢Jn-l(X)¢J"(X)p,, 2(X), (3.23)

Now, applying (3.16) to the right-hand side of (3.23), we obtain

p;;(X) = [a,,¢J;,(x) - a,,¢Jn(x) nn ·-I(X) - an~,,(x) n,,(x)] P" I(X)

+ [n~(x) - n;,(x)] p,,(x) + a" _ ,a"¢J,, _ )(x) ~n(X)

X[_1_ (Xp" _ l(X) - a" p,,(X))l
QH-- 1

= [an¢J;Jx) - a,,¢Jn(X) nn I(X) - a,,¢Jn(X) nll(x)

+ a"¢J,, l(X) ¢In(X)X] Pn- ,(x)

+ [n~(.x) - n',,(x) - a;,¢J,,_I(X) ¢,,(x)] p,,(x). (3.24)

Now, we are going to simplify the coefficinet of P" ,(x) in (3.24). From
(3.14 ),

Hence the coefficient of P" 1(x) in (3.24) can be written as

But, with easy calculation,
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hence, this coefficient equals

RON(;-CHYU SHEEj\;

We have completed the proof of Lemma 2.

LEMMA 3. There exists a constant A > °independent of n such that

and

p;,(O) = 6 . 10 5/6. A . n3
/
4 sin (~) [ 1+ 0 G)J

(3.25 )

(3.26)

where {Pn(x)} are the orthonormal polynomials associated with exp( - .'(6/6).

Proof of Lemma 3. In order to prove (3.25), we consider two different
cases:

Case 1. If n is odd, then Pn(x) is an odd polynomial, since
exp(-x 6/6) is even (see [13, p.29]). Therefore Pn(O)=O.

Case 2. If n is even, then by applying the recursion formula
xPn 1(x) = an p,,(x) + an 1 Pn 2(X) repeatedly with x = 0, we obtain

an 1
p,JO) = -- Pn 2(0),

an

an 3
Pn AO)= ---,

an 2

or

Therefore,

11/2 11/2

Pn(O) = (-1 )n/2yo n a2k 1 fl a2k
l

,

k ~ 1 k~' 1

(3.27)

, [n/2 (2k _1) 1/6! n/2 (2k) 1/6]
pAO) = (-I ),,!2yo }ll U 2k _1 -1-0- / }ll a2k 10

(3.28)
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The validity of (3.28) is based on the fact that

~2 ~2n (2k - 1) -1/6 n (2k )1 /6
k ~ 1 k ~ 1

(
n' )-1/6[ ( n)J1/6=. (2·1)·(2·2)··· 2·-

2·4···n 2

[
'J--1

/
6 [( ) JI/6_ n. 2nl2 116 n,

- 2nI2(n/2)! () "2.

[(n) 11/3= (n!)-1/62nI6 "2! .

243

By (1.3), ak(k/l0) 1/6 = (l + O(l/k2)) as k --+ 00, hence the two products in
(3.28) converge as n --+ 00. Let us denote Ilk"~ 1 a 2k _ 1((2k - 1)/10) - 1/6 and
Ilt~ 1 a lk

l (2k/l0)1/6 by a j and a2, respectively, then we can rewrite (3.28)
as

(0)-(_I)nI2 [ a l

Pn - Yo IlIe ((2k-1)/10)--1/6k~ nl2 + 1 a 2k - I

1 [( )J
-1I3

X . (X2 • (n,)1/6·2- nI6 ~, .1/6· ..
Ilt=nl2+ 1 a2A2k/l0)- 2

(3.29)

Since a2k _ I ((2k-1)/10)-1/6=[1+0(1/(2k-l)2)]=[1+0(I/k 2)], we
have

'CD

n a (~)-1/6
2k -I 10

k ~ nl2 + 1

It follows that

fI [1+0(~2)J.
k~ nl2 + I

(3.30)

[

X (2k 1) -1/6J YO ( ( 1))In n alk - I ~ = L In 1+ 0 k 2
k = n/2 + t k = nl2 + 1

00 (1)L O 2 .
k~ nl2 + 1 k

But

x 1 IX 1 2L 2":;; 2 dt =-,
k = nl2 + I k nl2 t n

(3.31 )
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so from (3.31), we see that
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Hence

Similarly,

x (2k - I)
k~D+ I G 2k _ 1 -1-0-

1"6
=eO(I/1I1

(3.32 )

x (2k) -- 1/6 _ ( 1)TI G 2k - - 1+ 0 - .
k ~ 11/2 + 1 10 n

(3.33 )

1/6. (I +°G))
1/12(1 +oG))'

By combining (3.29), (3.32) and (3.33), we obtain

Pn(0)=(-I)II/2YOl:~(I+oG))}n!)1/6'21I/6.lG)'] 11 (3.34)

By applying the Stirling formula, (3.34) becomes

Pn(O) = (_I)"/2 yo l:~ (I +°G))Ie lin"~ (I +°G))]'6

l (n' ~2 ( (I))J IG. 2 11/6. e 11/2. 2:) ~. 1 + 0 ;;

If we use "A" to denote Yo(iX l/0:2) 2 1
/

12n 1/12, then from the result of case 1
and case 2, we see that

p,,(O) = A cos (n;) n- I
/l2 (I +°G)), (3.35)
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Now, we are going to show (3.26), the second half of Lemma 3.
From (3.12) or (3.20) with x = 0, we have
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p~(O) = an[a~+ l(a~+2 + a~+ 1 + a~) + a~(a~+ 1 + a~ + a~_I)] Pn_I(O).

(3.36 )

Using the facts that an = (n/l0)1/6(l + O(I/n)), a~ = (n/l0)1/3(1 + O(I/n))
and applying (3.35), we can write (3.36) as

p;,(O) =Cn0Y/
6 (1 +0G))[6c~rf3 (1 +0G))J

x [ A cos en ~1)lr) (n -1) -1/12. (1 + 0 G))J

The proof of Lemma 3 is complete.
The following lemma was proved by G. Freud [4]; we will need it to

prove our theorems.

LEMMA 4. Let {Pn(x)} be the orthonormal polynomials associated with
exp( - x 6/6). There exists a constant B independent of x and n such that

n I

L p~(x) ~ Bn 5/6 exp(x6/6),
k~O

for n = 1, 2, ... and x E R.

LEMMA 5. Let {Pn(x)} be the orthonormal polynomials associated with
exp( - x 6/6), and 0 < c: < 1 be fixed. Then there exists a constant c depending
on c: only such that

for n = 1,2,... and Ixl ~ .y32n/5c:, x real.

Remark. A generalization of this lemma was proved by P. G. Nevai
[10]. Also note that .y32n/5 is asymptotically equivalent to 2an or X n, the
greatest zero of Pn(x) (see [3]).
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Proof of Lemma 5. Applying Lemma 2, we obtain

p;,(X)p" dx)-p;, I(X)P,,(x)

= [a"tP,,(x) P" I(X) - n,,(x) p,,(x)] P" dx)

- [a" ItP" I(X)P" 2(x)-n" I(X)P" I(X)]Pn(x)

=a"tPn(x)p;, I(x)-nn(x)p"(x)p,, _ I(X)

-a"-ItPn I(X)Pn 2(X)p,,(x)+nn_l(X)Pn_I(X)Pn(x),

which, by recursion formula XPn I(x)=anPn(X)+all - 1 Pn_2(X), can be
written as

p;,(X) Pn dx) - p;, I(X) p,,(x)

= anrP,,(x) P;' I(X) - nn(x) P" I(X) p,,(x) - Pn(x) rPll-l(X)

·[xPn I(x)-anPn(x)]+n" I(X)P" I(X)Pn(x)

= anrPn I(X) p;,(x) + anrPn(x) P;'_ I(X)

+[n" I(x)~nn(x)-xrP" I(X)]Pn(x)p" I(X). (3.37)

Thus by the Christoffel-Darboux formula [13], we have

n I

I p~(x)=an[p;l(X)Pn_I(X)-P;, I(X)Pn(X)]
k~O

= a;'rPn_l(X) p;'(X) + a;'rPn(X) P;' I(X)

+a"[n,, l(x)-n,,(x)-XrPn_l(X)] Pn(x)Pn_l(X). (3.38)

Using the definitions (3.14) and (3.15) of rP,,(x) and nn(x) to simplify
nn l(x)-nn(X)-XrPnl(X), we obtain, from (3.38),

n I

L p~(x) = a;'rPn I(X) p;,(x) + a;'rPn(x) P;'_I(X)
k~O

Dividing (3.39) by n and observing that 2Pn(x)p" I(X):::;P~(X)+P;' I(X),
we get
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. [ -2a?,a~ +, x - 2a~x - 2a?,a~_, x - 2a?,x 3
- anx 5 J Pn(X) Pn-l(X)

1 2 2 1 2 2 1
~-anrPn ,(x)Pn(x)+-anrPn(x)Pn l(X)+-

n n n

.[ -a?,a~+,lxl-a~lxl

-a?,a~ llxl-a?'lxI3_~anIXI5J(p~(X)+P~ l(X))

3 3 1 5 2 1 [ 2), 3 2-anlxl --anlxl J Pn(X)+- an'f'n(x)-anan+1Ixl
2 n

-a~lxl-a?,a~ ,lxl-a?'lxI3-~anIXI5J p~_,(x). (3.40)

Since an = (n/10)'/6[1 + O(I/n 2
)], an +, = (n/10)'/6[1 + 1/6n + O(l/n 2

)]. We
thus see that if n is sufficiently large, then

Hence an+1 >an if n is sufficiently large. Consequently rPn(X)~rPn-l(X) by
the definition of rP n( x). Therefore we can replace rP n( x) on the right of (3.40)
by rPn l(X), and obtain, if n is sufficiently large,

~. nf p~(x) ~ ~ [a~rPn- I(X) - a?,a~ +,Ixl - a~ Ixl - a?,a~_ 1 Ixl - a?, Ixl 3
n k~O n

I 51 2 1 [ 2), 2 3 5-"2anlxl Pn(x)+~ an'f'n_,(x)-an+lanlxl-anlxl

-a?,a~_1Ixl-a?'lxI3-~anIXI51P~ ,(x). (3.42)

Now, we are going to simplify the expression inside the bracket on the
right of (3.42). Since, by definition of rPn(x),
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we have

= a~x4 - ~anlxl5 + a~x2 + a~a~ 1X
2- a~ Ixl 3

-a;;a~_llxl-a~lxl-a~a~+llxl+a~a~ ta~_2+a~a~ t

+ 2a~a~_ t + a~ + a~a~+ 1

) 11
7

) 4 2) ) l_a;'+l x +a;'_t a;, 2+ an-t+ a;'-l+l+a;'+l
a~ a~ a~ a~ a?z'

which, by long division algorithm, can be written as

(3.43)

2a~ - t 1 a~ + t }+--2-+ +-2-
an an

Since, with the aid of (3.41), the expression inside the first bracket of (3.44)
is always positive if n is sufficiently large, we obtain
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a~tPn _ 1(X) - a~a~ + 1 Ixl - a~ Ixl - a~a~ _ 1 Ixl - a~ Ixl 3
- !anIxl S

~ a~ {6 (1- ~:~) -[6 + 2(a~+ la~ a~-l)J + a~_ ~;~-2

249

(3.45 )

We now replace Ixl by its largest value .:!32n/5s as stated in this lemma,
we obtain

~ "f p~(x) ~ aZ [6 (1-~S) -(6+ 2(a~+ 1 ~a~ .1))
nk~O n 2a ll all

2 2 4 2 2
2 Jan lan- 2 an j an-II a ll + 1 2()

+ 4 +-4-+--2-+ +-2- PIl X
an an an an

(3.46 )

Let n -> 00, then we see that the coefficients of p~(x) and P~_ Jx) both con
verge to (6/10)(1 - s), where 1/10 is the limit of a~/n as n -> 00. Hence for
n ~ n( s), these coefficients will be greater than !(I - s). Therefore we have

1 Il - 1 1
;; k~O p~(x) ~2 (1- s)[p~(x)+ P~_I(X)],

if n is sufficiently large. This implies that

2 1" - I

p~(x) ~ p~(x) + P~_l(X) ~ 1 _ s;; k~O p~(x).
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Applying Lemma 4, we obtain

P
2(X) :<_2_.~. ('. n5:6 exp( -,;6/6)
""I-en -, ,

for some constant c. Lemma 5 now follows from (3.47).

(3.47)

(3.48)

LEMMA 6. Let {p,,(x)} he the orthonormal polynomials with respect to

the weight function exp( -x6/6). Let a" = Y" l/Y'" where Y" > 0 denotes the
leading coefficient of p,,(x), and z(x) = p,,(x) exp( -x6/6)[¢,,(x)] 1/2, where

¢,,(x)=a;,+,(a;'+2+a;'+1 + a;') + a;,(a;,+ 1+ a;' + a;' 1)+x2(a;'+1 +a;'+x2).
Then z(x) satisfies the differential equation:

::"(x)+ l- ~ x
lO

- ~ x 5¢;,(x)I¢,,(x)+ ~ x
4

- ~ ¢;,(x) ¢;,(x)/¢;,(x)

l¢;;(x) 2J..()J.. () '() 2( () 5
+"2 ¢,Jx) +a"'I',, x '1',,-1 x +n" x -n" x)-n" x ·x

3 2xn,,(x) . a;,J
-4n,,(x)'x /¢,,(x)- ¢,Jx) ::=0,

Proof of Lemma 6. From Lemma 2 we know that

p;,(x) = a,,¢,,(x) p" I(X) - nn(x) Pn(x)

and

(3.49 )

p;;(x) = [2an(a;,+ 1+ a;') x + 4a"x 3 + a"x
5
¢,,(x)] Pn-l(X)

+ [n;,(x) - n~(x) - a;'¢n(x) ¢"_I(X)] Pn(x). (3.50)

To prove this theorem, at first, we need to find a differential equation
satisfied by p,,(x). This can be done by eliminating P"_l(X) from (3.49) and
(3.50). By doing so, we obtain

p;,(x)· [2(a;,+ 1+ a;,)x + 4x 3 + x 5¢n(x)] - p~(x)· ¢n(x)

= an¢n(x )[2(a;, +I+ a;,)x + 4x 3 + x 5¢n(x) ]Pn-I (x)

- nn(x)[2(a;, +1+ a;,)x + 4x3 + x 5¢n(x)] p,,(x)

- {[2a,,(a;,+ I+ a;') x¢n(x) + 4anx 3¢n(x) + anx 5¢;,(x)]

. Pn- dx) + [n;,(x) ¢n(x) - n~(x) ¢n(x) - a;'¢n(x) ¢n _ 1(x)] Pn(x)},
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p~(X )[2(a~ + 1 + a~)x +4x3+ X5tPn(X) ] - p~(X) tPn(X)

= [a~tP~(x) tPn-l(X) + Jr~(X) tPn(X) - Jr~(X) tPn(X) - Jrn(X) tPn(X)X5

- 4Jrn(x )X3- 2a~ + 1xJrn(x) - 2a~xJrn(x) ] Pn(x), (3.51 )

Dividing both sides of (3.51) by tPn(x), noting that tPn(x) is always positive
since an> 0, and tPn(x) is an even polynomial, we get the desired
polynomial as follows:

[
4

3 J" 22 X X 5 I

Pn(X) - 2(an+ 1 + an) tPn(X) + tPn(X) + X Pn(X)

[

2 I 2 5 Jrn(X )x3
+ antPn(X)tPn_I(X)+Jrn(x)-Jrn(x)-Jrn(x)x -4 tPn(x)

- 2 a~ + 1xJrn(x) _ 2 a~xJrn(x )J .Pn(x) = 0. (3.52)
tPn(x) tPn(x)

In order to prove this theorem, we must transform Pn(x) in (3.52) to z(x).
Since z(x) = Pn(x) exp( -x6/12) tPn(x)-1/2,

(3.53 )

Differentiating (3.53), we have

p~(x) = exp(x6/l2) tPn(x)I/2zl (x) + !x5. exp(x6/l2) tPn(x)I/2z(x)

+! exp(x6/12) tP,,(x) -1/2tP~(X)J z(x). (3.54)

Differentiating (3.54), and combining the similar terms, we obtain

P;:(X) = exp(x6/12) tP!/2(X) z"(x) + [!x5exp(x6/12) tP~/2(X)

+! exp(x6/12) tPn 1/2(X) tP~(x) + !x5exp(x6/12) tP~/2(X)

+! exp(x6/12) !Pn(x)-1/2tP~(x)JZI(X) + [~X4 exp(x6/12) tP~/2(X)

+ ix lO exp(x6/12) tP!/2(X)

+ *x5exp(x6/12) tP;; 1/2(X) tP~(x) *x 5exp(x6/12) !P,; 1/2(X) tP:,(x)

- *exp(x6/12) tP;;3/2(X) tP;,(x) tP:,(x)

+! exp(x6/12) tP;; 1/2(X) tP~(x)J z(x)

= exp(x6/12) tP~/2(X) z"(x) + [x 5exp(x6/12) tP~/2(X)

+ exp(x6/12) tP~-1/2(X) tP~(x)J ZI(X) + Ux4exp(x6/12) tP~/2(X)
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+ ~XIO exp(xb/12) ¢}/2(X) + ~X5 exp(xb/12) ¢11 12(X)' ¢;,(X)

- ~ exp(x6/12) ¢11 3/2(X) ¢~(X) ¢;,(X)

+ ~ exp(xb/12) ¢11 1/2(X) ¢::(X)] Z(X).

Plugging (3.53), (3.54), (3.55) into (3.52) and using the fact that

4x3+ 2(a;, + 1 + a;') = ¢~(X),

we see that the coefficient of z'(x) becomes zero, and we have

exp(x6/12) ¢}/2(X) z"(x)

+gx 4 exp(x6jI2) ¢}/2(X) + ~ x lO exp(x6jI2) ¢}/2(X)

+~ x 5exp(xbj12) ¢11 1/2(X) ¢;,(x)

I
~4 exp(x6/12) ¢11 3/2(X) ¢;,(x) ¢;,(x)

I
+"2 exp(x6/12) ¢11 1/2(X) ¢:;(x)

I
-"2x5exp(x6j12)¢" 1/2(x)¢;,(x)

I
~"2 exp(xb/12) ¢;,(x) ¢;,(x) ¢" 3/2(X)

I
-"2 x lO exp(x6/12) ¢}/2(X)

-~x5eXP(Xb/12)¢" 1/2(X)¢;,(x)+l(a;'¢n(X)¢n I(X)

+ '() 2() () 5 4n,,(x)x
3

2nn(x)xa;'+1
nn x -n" x ~nn x x - ¢,,(x) - ¢,,(x)

nn(X)xa;,)l 6 1/2 } ~ _
- 2 ¢n(x) Jexp(x j12) ¢" (x) ~(x) - O. (3.56)

Combining the like terms and dividing (3.56) by exp(x6jI2)¢~;2(x), we
arrive at
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[
I I 5 3

z"(x) + - 4: x lO -"2 x 5iP; l(X) iP~(x) +"2 x4 - 4: iP~(x) iP~(x) iP;2(X)

I+"2 iPn- 1(x) iP~(x)+ a~iPn(x) iPn _ I (x) + n~(x) - n~(x) - nn(x)x5

(3.57)

which completes the proof of Lemma 6.

LEMMA 7. There exists a constant c > 0 such that for 0 < t; < n/2

x exp( -x6/6) dx ~ c(1 - cos t;).

Proof of Lemma 7. From (3.40), we have

? ~ (a~iP" _ 1(x) - a;,a~ + I Ixl - a~ Ixl - a~a~ 1 Ixl - a;' Ixl 3

-~ a" IXI5) p~(.x) +~ (a~iP,,(x) - a;,a~ + 1 Ixl - a;' Ixl- a;,a~_1 Ixl

-a;'lxI3-~alllxI5)P~'(X). (3.58)

Now we are going to show that if n is sufficiently large and Ixl ~ (32n/5)1/6
then the expression inside the second parenthesis on the right of (3.58) is
positive. By the definition of iP,,(x), this expression can be written as

which, by the long division algorithm, can be transformed to
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6an
2
~ 2an

2
+ 1 + 2an

2 a2 2a2 a2 a2 a4
}

---'-'--_-"-'----'-_---"------'-1 + _'_'_1 + 1+~ + n + 1 n + 2 +~
a~ a~ a~ a~ a~'

(3.59 )

To show that this is positive if n is sufficiently large, we first consider the
expression inside the first parenthesis, which is

The first two terms of this expression are obviously positive. As for the last
two terms, with aid of (3.41), and the assumption Ixl ~ (32n/5)1/6, we
obtain

6 2a;, + 1 2a;, _1 2(a;, - a;' + 1) (32n) 1 6): ---7-+--7-+ 1 .-
a;, a;, an 5

By the asymptotic of an'

+2(I -3
1
n+0C2)) + {2 [Cno) 1;6 (I +0C2))J

-2 [Cno) -1/6 (I +L+0(~2)) J}c~nY/6 =6

-2-~+ 0 (~)+2~~+0 (~)3n n2 3n n2

[
2 (n) - 1/6 . J(32n) 1/6 8 ( 1 )+ -- - +O(n 13/6) - =6--+0 - >0,
3n 10 5 3n n2

(3.60)

if n is sufficiently large.
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Next, we consider the expression 1 - Ixl/2an in (3.59). Since Ixl ~
(32n/5) 1/ 6, we have

1-11~ 1__1_(32n)1
/6= 1_(!!...)1/6 2-

2an 2an 5 10 an

(n/l0)1/6
= 1 - ---~---:""":--'----~---~

(n/lO)1 /6[1 + (l/36)(l/n 2
) + 0(1/n4

)]

n 2

=1- >0 (361)n2 + 1/36 + OO/n 2
) , •

if n is sufficiently large. Finally, we consider the expression inside the last
parenthesis of (3.58).

10 ( 1 ) " .= - + 0 2 > 0, If n IS sufficIently large.
3n n

As a consequence of (3.60), (3.61) and (3.62),

(3.62 )

if n is sufficiently large. It follows from (3.58) that

Using (3.45), we see that

~ I;;=b Pk(X) ~ a~ [6 (1 _21X1 )J p~(x) + a~ [a~_1 ~~-2 + a~~ 1 + 2a~; I

n n an n an an an

+ 1+ a~+ 1 _ 6 _ 2(a~+ 1- a~-l)J p~(x)
a~ a~

640/50/3-5
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6 (' IXI) 2 a~ l' I ( 1') 2;?- 1~1 Pn(x)+- 1--+0 '"'2 + 1-·-
10 ~an, n 11 n 3n

+ 0 C\) + 4 ( 1 - L+ 0 (:2))~ 5

-(1 +3111 +OC2))Jp~(X)

6 ( IXI) 2 a~L 10 (I)J 2=- 1-- p(x)+- --+0 - p(x)10 2an " 11 311 n2
"

6( IXI) 2 11 (-10)J 0

;?10 1- 2a" P,,(x)+LlO -n- p~(x)

_ 6 ( IXI) 2 1 2--10 1-1 p,,(x)-- PIl(X).
_a" n

(3.63 )

While proving the preceding inequality, we have used the fact that
a~/n ;? 1II 0 if n is sufficiently large, which can be easily seen from the
asymptotic of all" From (3.63), we have

I ~ 2 3( IXI) 2- 1... Pk(X);?-S 1--
2

p,,(x)
I1k~O an

_ ~ (l -lxI/2a,,)( 1+ IxI/2a,,) 2 x)
- 5 1+ Ix1/2a" PIl(

3 l-x2/4a~ 2
=5 I + Ix1/2a" p,,(x). (3.64)

From the asymptotic of a", it is easy to see that 4a~ ;? (32nI5) 1/3 if n is suf
ficiently large, and from (3.61), Ix1/2all~ l. Therefore (3.64) implies

1" 3 1l (3211) 1/3 J
~k~oPZ;?5"2 1- 5 x

2
p~(x),

or

1 (32n)·· 1(3 J 10 "L1 - 5 x
2

p~(x) ~ 3n k~O Pz(x).

Applying Lemma 4 to the right-hand side of preceding inequality, we get

where B is a constant.
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Therefore,

and

li~_s~p Lse.,,:; Ixl(32n/5j-I/6,,:; I [ 1 - X
2c~n) -1/3J p~(X) exp( -x

6
/6) dx

[(32n)l~ (32n)I~J
~li~_s~pn-I/6 5 -(cose) -5- ·B

~ c(l - cos e),

257

where c is a constant. Thus the proof of Lemma 7 is complete.
From Lemma 6, we know that z(x)=Pn(x)exp(-x6/12)¢n 1/2(X)

satisfies the differential equation:

~" [ 1 10 1 5J.-1 J.!( 5 4 3 J.!( ) J.! J.-2()... + -"4 x -2"x 'f'n (x)'f'n x)+2"x -"4'f'n X 'f'n(x)'f'n X

1
+ 2" ¢n 1(X) tP~(X) + a~tPn(X) tPn _ I (x) + 1r;,(X) - 1r~(X) - 1rn(x)x 5

-4 1rAx)'x
3

_2.X·1rn(X)'a;'+1_2.a;"X·1rn(X)Jz=O, (3.65)
tPn(X) tPn(X) tPn(X)

where

and

Thus, if we define Sn as

then we can express tPn(x) and 1rn(x) as

tPn(X)=Sn+1 +sn+x2(a;'+1 +a;,+x2),

1rn(x) = Sn X+ a~x3.

(3.66)

(3.67)

In the following lemma, we will investigate the asymptotic behavior of the
coeflicient of Z in (3.65), which will be denoted as fn(x),
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LEMMA 8. Let 0 < [. < nl2 be fixed and let g he defined by

then we have

( n)I/3 [IJ24 10 sin 2 8'fn(x)= ng(8)+2: +0(1)

(3.68 )

(3.69)

uniformly for [; :( 8 :( n - [., where x = 2(nil0) 1/6 cos 8.

Proof of Lemma 8. First, we will find the asymptotics for some basic
expressions which we need when we proceed with the proof. Basically, all
these asymptotics are derived from the asymptotic of an and the above
given condition x = 2(nllO) 1/6 cos 8.

= C~Y/3 (I + 0 C2 ) )[C~Y13 ( I - 3
1
n + 0 e12

) )

( n)I/3( (I))+ 10 1+ 0 n2

(n)I!3( I (l))J+ 10 I + 3n + 0 n2

_ ( n )2!3 ( (1))- 10 3 + 0 n2 '

= enoy!3 (3 + 0 C2)).2 e~y!6 cos 8

+ lC~Y/3 (1 +0C2))J2
3

. C~) 1!2 cos
3

8

= 2 enoy!6 cos 8 ( 3 + 0 C2))

+8C
nof6 cos38(1+0(~2))

=enoy!6 (6 cos 8+ 8 cos38) + 0(n-7/6),

(3.70)

(3.71 )
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= (1~) 2/3 (3 + ~ + 0 (~2))+ (InO) 2/
3

(3 + 0 (~2))
+4 C~Y/3 cos2 8

[(
n ) 1/3 ( 1 (1)) (n ) 1/3 ( ( 1)). 10 1+ 3n + 0 n2 + 10 1+ 0 n2

(
n)1/3 1+4 10 cos 2 8

( )
2/3 ()2/3 1

= 6 I
n
O + 2 1~ ;; + O(n-

4/3
)

(
n ) 2/3 4 ( n ) 2/3+8 - cos 2 8+--
10 3 10

1 ( n ) 1/3 ( n )2/3
.~ cos 2 8 + 4 10 cos 2 8· O(n- 5/3

) + 16 10 cos 4 8

(
n )2/3= 10 [8cos28+16cos48+6J+O(n-1/3),

( n)I/6 [(n)If3( 1 (1))= 2·2 10 cos 8 10 1 + 3n + 0 n2

+CnOY
/
3 ( + 0 (~2))1+ 4.2

3cnoY
/
2 cos

3(}
= 4(~) 1/6 COS 8[2 (~) 1/3 +~ (~) 1/3

10 10 3n 10

] (
n ) 1/2

+O(n- 5/3
) +32 10 cos 3 8

(
n ) 1/2 4 ( n ) 1/2

= 8 10 cos 0 + 3n 10 cos (}

(
n )1/2

+O(n- 3/2 )+32 10 COS
3 0

(n) 1/2
= 10 [8 cos (} + 32 cos 3 OJ + O(n -1/2)

259

(3.72)

(3.73 )
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l ()I.'
'i' ) n' ')

}) + 12· 2- 10 cos~ 11l (n) Ii} I (n) I/J

= 2 2 10 + 3n 10 + O(n

( )

I/}

= InO . [4+48cos2&J+O(n 2}). (3.74)

We will now find the asymptotic for each term in f,,(x), using the above
basic asymptotics.

1. The first term:

2. The second term:

-~xS[4x}+ 2(a;,+ 1+ a;,)xJ

SI1+1 +sl1+x4+(a;'+1 +a;,)x 2

I 2s(n/1O)s/6 cos s &[(n/1O)li2(8 cos &+ 32 cos} &) + O(n li2)J

-"2' (n/10)2/3[8cos 2{)+16cos4 {)+6J+O(n 1/3)

= - ~ l2 S enoyn coss &(8 cos &+ 32 cos 3 &) + O(n 1;3)l
'l(:~) 2i}(8cos28+16cos4 &+6) l+o(n- Si3 )j

4 (n )2/3 cos
s

8(8 cos &+ 32 cos} &) _1i3).
= -2 10 8cos2 &+16cos4 &+6 +O(n

3. The third term:

(
n )213= 40· 10 cos 4 8.
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4. The fourth term:

This follows immediately from (3.72) and (3.73).

5. The fifth term:

1¢'; I(X) ¢'~(X) = O(n -1/3).

This follows from (3.72) and (3.74).

6. The next four terms:

261

= n [1 +0C2 ) J. 24 C~Y/3 COS
4 e

+ [ 15 e~Y/3 (1 + 0 C2))+ 3 enOY/3 ( 1 + 0 (~2))J
.22 (InO) 1/3 COS

2 e+ [36 (InO) 5/3 ( 1+ 0 C2) )
+ 3 enOY/3 ( 1+ 0 (~2))J

=24 . n (I~) 2/3 COS 4 e+ O(n- 1/3)

+ 60 (I~) 5/3 COS2e+ O(n - 1/3) + 12 (I~) 2/3 COS2e

+O(n-4/3)+36e~r/3+0(n 1/3)+3 (;OY/3 +O(n- 4/3)

= ( InO) 5/3 [160 cos4 e+ 60 cos 2 e+ 36]

+ c~r/3 [12 cos2e+ 3] + O(n- I
/
3

).

7. The next three terms, which can be written as

-4nn(x)x 3
- 2xnn(x)a~+ I - 2xa~nn(x)

¢'n(x)
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Let us find the asymptotic for numerator first.

-4nn(x)x 3
~ 2xn,Jx)a~+ 1 - 2xnn(x)a~

= -4lc~r/6 (6 cos () + 8 cos 3 8) + O(n 76)j{23 c~r2 cos' ()

-4c~r6 COS8lC~r3.(1 +3'n +OC2))J

-4C~Y!6cos8rC~Y/3(I +0 (,:2))1}

=lC
n0Y/6 (6cos8+8cos 3{))+0(n H)J

·r - 32 CnoY/2 COs'8-8C~Y!2.coso+0(n 1/2)J

= -32cnoY/6 (6cos8+8cos38)cos38+0(n 2/3)-8cnoY
/
6

. (6 cos 0 + 8 cos38) cos 8 + O(n 2(3) + 0(n 1/3)

= c~r/3 ( -192 cos 4 8 - 256 cos6 0 - 48 cos 28 - 64 cos 4 0) + 0(n L3
)

= c~r/3 ( - 256 cos6 0 - 256 cos 4 8~ 48 cos 20) + 0(n I13 ).

So from (3.72), we see that

-4nn(x)x 3
- 2xnn(x)a~ + 1- 2xnn(x )a~

r/JAx)

= lc~r3 (-256 cos6() - 256 cos4() -48 cos28) + 0 (':3)l
.lC~) 2

1
3(8cos 2 8+16cos 4 8+6) 1+0(n 513)]

(
n )213- 256 cos 6 8 - 256 cos 4 8 - 48 cos28

= _ + O(n 1/3).
10 16cos4 8+8cos2(}+6

To get the asymptotic for f,,(x), we must add all the above asymptotics
from case I to case 7 together. To simplify the computation, let us first add
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those which contain the factor (n/10)2/3. Thus, we obtain, from cases 2, 3, 6
and 7,

_ 24 (.!!.-)2/3cos 5 e(8 cos e+ 32 cos 3 e)
10 8cos 2 e+16cos4 e+6

+ O(n 1/3) + 40 (1~) 2/3 cos 4 e

+Cn
oY

/
3 (t2 cos 2 8 + 3) + O(n 1

/
3)

(
n )2/3- 256 cos 6 e- 256 cos4 4 8 - 48 cos 28+ + O( 1/3)10 16 cos 4 e+ 8 cos 2 0 + 6 n

= (Ino) 2;3 [ -128 cos 6 e- 512 cos 8 e+ 40 cos 4 e

. (8 cos 2e+ 16 cos4 e+ 6) + (t 2 cos 2e+ 3)

. (8 cos 2e+ 16 cos 4 0+ 6) - 256 cos 6 e- 256 cos4 e
-48 cos28]/(16 cos4 e+ 8 cos28 + 6) + O(n 113 )

= (.!!.-) 2/3 128 cos 8 0+ 128 cos 6 e+ 128 cos 4 e+ 48 cos 2 e+ 18
10 16 cos 4 8 + 8 cos28 + 6

+ O(n 113 )

(
n )2/31(16 cos 4 8 + 8 cos28 + 6)2= _ 2 +O(n-1/3)
10 16 cos4 8 + 8 cos 28 + 6

=~cnoY/3 (t6cos 4 +8cos28+6)+O(n 1/ 3). (3.75)

Next, we add those asymptotics which contain the factor (njlO)513. We thus
obtain, from the above cases 1 and 6,

- 28 C~Y/3 cos 10 e+ cn
o
Y

/
3(160 cos4 e+ 60 cos2e+ 36) + O(n 113 )

=cn
o
Y/3 (160 cos 4 e+ 60 cos2e+ 36 - 256 COSiO e) + O(n- 1/3 )

= (Ino) 5/3 (1 _ cos28)(256 cos8 e+ 256 cos 6 8

+ 256 cos 4 8 + 96 cos 28 + 36) + O(n- I13 )

= c~r/3 sin 2e(t6 cos4 e+ 8 cos2e + 6)2 + O(n -113). (3.76)
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Combining (3.75) and (3.76), we get

f,,(x) =~ (1~)2}(16 cos 4 0 + 8 cos 20+ 6) + (1~) 5.3 sin 20

. (16 cos4 0 + 8 cos 2 fJ + 6)2 + O(n 13). (3.77)

It follows that

(
n ) 1/3

4 10 sin 28· .f~(x)

= 2 (;~) sin 2 8( 16 cos4 8 + 8 cos 20 + 6) + 4 enorsin 4
0

. (16 cos 4 8 + 8 cos2 8 + 6)2 + 0(1 )

= [ 2 eno) sin 2O( 16 cos 4 fJ + 8 cos 2 fJ + 6) +~J+ O( 1)

= [~sin2 8(16 cos 4
() + 8 cos 28 + 6) +~J + 0(1). (3.78)

Comparing (3.69) with (3.78). We see that if we can show

*sin 28(16 cos 4 fJ + 8 cos 2 fJ + 6)

= -Yo cos 68 - ~ cos 40 - ~ cos 28 + I, (3.79)

then the proof of this lemma will be established. Indeed,

~ sin 28( 16 cos 4 8 + 8 cos 2() + 6 )
5

= ~ 1 - c;s 20 l16 (1 + c;s 2fJ) 2+ 8 (1 + c;s 28) + 6]

1 1 - cos 28 l ( 1 1 3)
= "5 2 16 8" cos 48 + "2 cos 28 + 8"

+ 8(I + c;s 20) + 6]

1
= "5 (I - cos 20)(cos 48 + 4 cos 28 + 8 + 2 cos 28 )
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1
= "5 (COS 40 + 4 cos 20 + 8 + 2 cos 20

- cos 20 cos 40 - 6 cos 220 - 8 cos 20)

1 [ 1= "5 cos 40 + 6 cos 20 + 8 - 2 (cos 60 + cos 20)

1+ cos 40 ]
- 6 . 2 - 8 cos 20

1 2 1= - - cos 60 - - cos 40 - - cos 20 + 1.
10 5 2

Thus" the proof is complete.
Now we are in a position to prove Theorem 1.

4. PROOFS

265

Proof of Theorem 1. We decompose the proof of this theorem into four
stages.

Stagel. Let us recall that the function z(x)=Pn(x)exp(-x6/12)·
[¢>n(x)] - 1/2 satisfies a differential equation

where

(4.1 )

j;,(X) = - ~ x lO
- ~ x 5¢>,; I(X) + ~ x 4

- ~ ¢>~(x) ¢>;,(x) ¢>,-;2(X)

+~ ¢>,-; I(X) ¢>;;(x) + a~¢>n(x) ¢>n I(X) + TC;,(X) - TC~(X) - TC n(X)X 5

Now let

4TCn(X)·X 3

¢>n(x)

2XTC n(X)· a~+ 1

¢> n(x)

2XTC n(X)· a~

¢>n(x)
(4.2 )

and

(
32n)1 /6 (n)1/6

x = -5- cos 0 = 2 10 cos 8,

u(O) = z(x) = Z(2 (Ino) 1/6 cos 0).

(4.3 )

(4.4 )



266 RONG-CHYU SHEEN

In this stage, we will transform the differential equation (4.1) to a differen
tial equation in terms of u and e. From (4.3) and (4.4), we see that

du dz dx
- --
de dx de

dz ( ( n ) 1/6 )=- ~2 - sin 0 ,
dx 10

so

d
2
u d

2
z ( (n) Ii] . 2) dz l (n)1/6 J- = - 4 - Sill () +- - 2 - cos () .

d(F dx 2 10 dx 10

It follows from (4.5) that

Now applying (4.6) and (4.7), we obtain

Therefore

Inserting (4.8) into (4.1), we get

or

(4.5 )

(4.6 )

(4.7)

(4.8 )

(4.9)



PLANCHEREL-ROTACH-TYPE ASYMPTOTICS

Stage 2. Let

v(8)=.u(l:.l) [ g(8)+2~J/2 (sin 8)-1 /2,

1 2 1
wher g(8) = -TO cos 6B - "5 cos 48 - "2 cos 28 + 1

and

reB) = (J get) + LJ dt.
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(4.1 0)

(4.11 )

In this stage, we will transform (4.9) to a differential equation in terms of v
and r.

From (4.10), we have

[
1J-1/2

u(B)=v(B) g(8)+2n (sinB)1/2

(4.12 )

Differentia ting (4.12) yields

Uo = Vr ro( ro) ··112 + v[(sin B)1/2( ro) -112]0

= Vr (r o)1 /2(sin 8)1 /2+ v[(sin B)1/2(r o)-1/2]e (4.13)

This implies

Uoe = vrr (re)3/2(sin 8)1 /2+ vr [rA/2(sin B)1/2]0

+ vr r o[(ro) -1/2(sin 8)1 /2]0 + v[(sin 8)1/2(re)-1 /2]00

=vrr(ro)3/2(sin B)1 /2+ vrUr e 1/2roo(sin B)1/2

+ ~rA/2(sin B) - 1/2 cos B- he 1/2roo(sin B) 1/2

+ ~rb/2(sin 8)-1/2cos B] + v[(sin 8)1/2re I / 2]oo

=vrr (r o)3/2(sin B)1/2 + L'r rk/2 (sin B)-1/2 cos B

+ v[(sin 8)1 /2rl; 1/2]00'

From (4.13), we have

(4.14 )



268 RONG-CHYU SHEE]';

Inserting (4.12), (4.14) and (4.15) into (4.9), we obtain

l\,(TO)1/2(sin 8)1/2 + v[(sin 0)1/2(To) 12Joo

-- v cot O[(sin O)12(To) 1/2Jo

+ V c~n) 1:3 sin 2Ofn(X)(TO) l2(sin 0)1/2 = O.

Applying Lemma 8 to the last term on the left of (4.16), we get

(4.16)

V
n

(TO)3!2(sin 0)1/2 + v[(sin 0)1/2(To) -1/2Joo

- v cot 8[(sin 0)1/2(T o) 1/2Jo

+ n2v( To)3/2(sin 0)1/2 + O( I )v = 0, (4.17)

where we have used the fact that To is bounded, which can be easily seen
from (4.11) and the definition of g(O). Also note that from (3.79), if
<: ~ 0 ~ n - £, then

I 2 1
g(0) = - - cos 60 - - cos 40 - - cos 20 + I

10 5 2

I . 2 4 J
= "5 Sill O( 16 cos 0 + 8 cos - 0 + 6)

so

6 . J>-- Slll- E > 0
y 5 ' ,

I
To=g(O)+

2n

6 . 2
~"5SIll <:>0.

(4.18)

(4.19)

Hence we see that (To)3/2(sin 0)1/2 is bounded away from O. Therefore we
can divide (4.17) by (To)3/2(sin 0)1/2 and obtain

+ v[(sin 8)1/2(To)-1/2Joo

vn (To)3/2(sin 8)1/2

v cot 8[(sin 8)1/2(To)-1/2Jo 2
- (To)3/2(sin8)1/2 +n v=O(l)v.
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But in view of (4.18) and (4.19), the second term and the third term of the
preceding equation are both O( 1lv, hence can be absorbed to the right
hand side. Thus, we get

uniformly for e ~ 8 ~ n - e, ~ > e > O. (4.20)

Stage 3. In this stage, we will solve (4.20) and then get an asymptotic
for Pll(x). From Lemma 5, we know that

uniformly for e~ 8 ~ n - e.

Thus, from (4.14), we get

u( e) = z ( 2 (1~) 1/6 cos e)

= O(n - 1/12) ¢;,; 1/2(X)

= O(n 1/12) O(n- I /3), (4.21 )

where, the last equality of (4.21) comes from (3.72). Hence, from (4.10), we
have

Iv(r)1 = O(n- 5
/

12
).

Inserting this into (4.20) gives

Solving this as a nonhomogeneous second order differential equation, we
obtain

() (
v,(O) .

v r = v 0) cos nr +-- sm nr
n

f' cos r . sin nt - sin nr . cos nt 5/12+. O(n- ) dt
o -n sm 2 nt - n cos 2 nt

v,(O) . 1f' 5/12'=v(O)cosnr+--smnr+- O(n- )sm[n(r-t)]dt
n n 0

v,(O) . 17/12= v(O) cos nr +-- sm nr + O(n- I )

n

uniformly for e~ 8 ~ n - e.

(4.22)
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Now, we will find v(O) and vT(O)ln of the preceding equation. If T = O.
then from (4.11), () = n12. Consequently x = 0 by (4.3). Hence from (4. J0)
and (4.4), we have the following

l (n) I ll2
v(O) = Pn(O)[iPn(O)] 1/2 g "2 + 2nJ

l6 1 Ti2
= Pn(O)[iPn(O)] -1/2 5+ 2nJ .

By using Lemma 3, (4.23) becomes

(4.23)

(4.24)

v(O) = A cos (~n) n 1/12 (1 +0G)) [iPn(O)] 1/2 G) 1/2 (1 +0G))
= A cos (~n) n -1/12[iPn(0)] 1/2 G) 1/2 + O(n- 17/12),

where we have used the fact, due to (3.72),

[iPn(O)] -·1/2 = O(n 1/3).

On the other hand, since from (4.10),

+lU(O)~(TO) 1/2Too (sinO) 1/2'(TO)-I J
+lu(O)( TI/)I/2 ( - D(sin 0) -3(2 cos O( T1/)- I}

if T = 0, i.e., 0 = nl2 or x = 0, then

Since from (4.5),

du dz ( ( n ) 1/6 )
dO = dx - 2 10 sin 0

= lp;,(x) iPn 1/2(X) exp( -x6/12)

(4.25)

(4.26)
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+ Pn(X) ( -D ¢J;;3/2(X) ¢J~(X) exp( -x6j12)

+ Pn(X)¢J;;1/2(X) ( -~x5)eXP(-X6j12)J[_2(~Y/6 Sine}

(4.26) can be evaluated as

271

By applying Lemma 3, (4.27) becomes

vr(O) = 6·10 5/6A' n3/4 sin C2n)(1+ 0 G)) ¢Jn~I/2(0)

where A is a constant. Using (4.25), we obtain

Inserting (4.24) and (4.28) into (4.22), we obtain

(nn). (6)1~v(r)=A cos 2 n 1/12[¢Jn(0)r l
/
2 "5 cosnr

(
6)1/2-A"5 [¢In(O)]-1/2

. sin (n2n) n-1/12. sin nr + O(n -17/12)

uniformly for s ~ e~ n - s.

640/5013-6
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We can write this equation in terms of p,,(x) as

p,,(x) exp( -x6/12) ¢n 12 Lg(O) + 2
1
nJ/

2
(sin 0) 12

Dividing both sides by ¢,;-1/2(x)[g(0)+1/2n]I/2(sinO)-1/2, and using the
fact that ¢,;-1/2(x)=O(n- I13 ), we obtain

Pn(x) exp( -x6/12)

r" ( )j 1/2 [ 1 j -- 1/2 (6) 1/2
=AL;:(~) '(sinO) g(0)+2n . 5" n-

I
/

12

-(sinO) 1!2cos(m+ ~n)+o(n 13/12). (4.30)

Now consider the expression [¢,,(x)/¢,,(0)]1/2(sin O)[g(O)+ 1/2n]J!2
(6/5)1/2 in (4.30). Using (3.72) and (3.79) we have

[
¢n(X)j 1/2. [ 1 j 1/2 (6) 1/2-- (smO) g(O)+- -
¢,,(O) 2n 5

= [(n/lO)213 (8 cos20 + 16. cos4 0 + 6) + O(n -113)jl/2

2(n/10)2!3(3 + O(1/n))

. (6/5)]/2
. sm 0 . -;:::-;--:-:-7-:;----;:-:--:-::---:;-::----:::----;;---;:------:-:--~---=--""

[1/5 sin 2 0(16 cos4 0 + 8 cos 2 0 + 6) + 1/2n] 1/2

[(
1)1/2

= 6 (8 cos2 0 + 16 cos 4 0 + 6)1/2

= 1+ O(n 1).
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Inserting this into (4.30), then we have

Pn(X) exp( -x6/12)

=An- 1/12(sin 8) 1/2 cos (m + ~n) + O(n-13/12).
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(4.31 )

Stage 4. In this stage, we are going to find the constant A and complete
the proof. Before we proceed, we make the following remark: If h(8) is a
continuous function then by a change of variable, we have

1"-Ch(8) cos(2m + nn) d8
r.

= (-1 rr h(8)[ g(8)] I(sin 8 cos 2nw + cos () sin 2nw) dw,
£:1

where w = T - (8 - n/2)/2n,

[;1 = f' g(t) dt,
Ttl2

and

£2 = fIT - £ g( t) dt.
,,/2

(4.32 )

Note that from (4.19), w is a continuous, strictly increasing function of () if
n is sufficiently large, so its inverse exists. Hence in (4.32) we can also
express h(8)[g(8)] -I sin 8 or h(8)[g(8)] -I cos 8 as a continuous function
of w. Thus, we can apply the Riemann-Lebesgue lemma to conclude that

lim. 1"-1 h(8) cos(2m +nn) d8=0.
n_x I;

Now, let us return to our problem.
Since

f p~(x)exp(-x6/6)dx
Ixl ,,; (32n1S )L6 co>o

~fC0 p~(x)exp(-x6/6)dx=1
-x\

(4.33 )
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it follows from (4.31) that
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or

In I: (32)1/6 (nn) (1)
I A 2"5 COS 2 nr + 2 de ~ 1 + 0 ~ .

(4.34)

(4.35)

Since

2 ( nn) _ 1+ cos(2nr + nn)
cos nr + 2 - 2 '

(4.35) can be written as

2 (32) 1/6 1 2 (32) 1/6A (n - 2£) - . - + A -
5 2 5

'In " (').- cos(2nr+nn)de~I+O -.
2 " n

Letting n ~ 00 and applying (4.33), we obtain

Since 0 < /; < n/2 is arbitrary,

So

A ~ 10 1/ 12 • n 1/2

Next, we will show A;:,101/12n-I/2 to conclude that A=lO lil2n 1;2

Applying the recursion formula, we obtain
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f~oo [1 -x 2 c~n) -1/3] p~(x) exp( -x6/6) dx

= r:: p~(x) exp( -x6/6) dx
-00

Since if Ixl > (32n/5)1/6, then l-x 2(32n/5)-I/3 <0, we have

fif. [ (32n) - 1/3]
r. l-x 2 5 p~(x)exp(-x6/6)dx

[ (
32n) - 1/3]~f. . l-x 2
- p~(x)exp(-x6/6)dx.

1'1"; (32n15 )16 5

Combining (4.36) and (4.37), we see that
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(4.36)

(4.37)

(
32n) 1/3

1- -5- (a~+1 +a~)

[ (
32n) - 1

/
3J~f . 1-x2

- p~(x)exp(-x6/6)dx
Ixl"; (32nI51

'
•6 5

l (32 )-113]
~f .. l-x 2 ~ • p~(x)exp(-x6/6)dx

Ixl"; (32n/5)16 cosc 5

[ (
32n) - 1/3]+ 1- x2
-

LOSC(32nI5 )1.6,,; Ixl ,,; (32n15 )1/6 . 5

x p~(x) exp( -x6/6) dx.

From (4.3) and the asymptotic expression (4.31), it follows that

[ (
32n) - 1/3Jf l-x 2
- p~(x)exp(-x6/6)dx

Ixl"; (32nI5)1;6 COS I: 5

+ 2 [ An -1/2(sin 8) -1/2. cos (m; + n
2
1r) O(n- 13/l 2 )J

(4.38 )
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[(
32n) 1/6 1

. -5- sin OJ dO+ O(n I)

(
1 ) 1/6 fn: E

= A 2
- sin 2 0 dO
10 I

Now let n ---> 00 and apply (4.33), we get

li~~s~p t'l ~cosr,(J2,,/5)1' [I ~ x
2 c~n) l;3j p~(x) exp( -x

6
/6) dx

7 ( 1 ) 1/6 n
<: A- - -
" 10 2'

Combining (4.38), (4.40) and Lemma 7, we see that if n ---> 00 then

1 ( 1 )1 /6 n
- <: A 2 - . - + c(l ~ cos E).
2" 10 2

Let I; ---> 0, then

1 7(1)1/6 n
-<:A- - -
2" 10 2'

or

Since A > 0 by Lemma 3, we conclude that

Thus

(4.40)
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Replacing A by 10 1/12n 1/2 in (4.31), we obtain

where

r=fO. 19(t)+~J dt
n/2 2n

= fe l-~ cos 6t - ~ cos 4t - ~ cos 2t + 1+ ~J dt
n/2 10 5 2 2n

1. 1. 1 . n 8 n
= --sm 68--sm 48--sm 28+ 8--+---

60 10 4 2 2n 4n'

Consequently,
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Pn(X) exp( -x6/12)

= 10 1
/

12n -1/2n - 1/12(sin 8) ·1/2 cos l6~ (608 - 15 sin 28 - 6 sin 48

-Sin68)+~-~J+o(n 13/12)2 4 .

The proof of this theorem is complete.

Proof of Theorem 2. From (3.38) we have

k .. I

L p~(x) = a~r/Jn_I(X) p~(x) + a~r/Jn(X) P~_I(X)
k~O

Applying (3.71) and (3.72), we obtain

:~~ p~(x) = [C~Y/3 (1 + 0C2))Jc~rl3 B + O(n -1/3)J p~(x)

+ [ C~Y/3 ( I + 0 C2))J
. [c~r/3 B + O(n- I/3)JP~_I(X)
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where B = 16 cos4 fJ + 8 cos2 fJ + 6. Simplifying, we get

:~~ pf(x) = [C~) B+ O(1)J p;,(x) + [C~) B+ O(1)J P;' I(X)

-2[C~)BCOSfJ+0(1)Jpn(X)Pn ,(x)

= C~) Bp;,(x) + O(n 1/6) exp(x6/6)

+C~)B'P;'-I(x)+o(n li
6
)exp(x

6/6)

- 2 C~) B cos fJPn(x) Pn I(x) + O(n 1/6) exp(x6/6)

=~ (16 cos4
(j + 8 cos2

(j + 6)[p;,(x) + P;' I(X)
10

- 2 cos fJPn(x) Pn I(X)] + O(n 16) exp(xo/6). (4.42)

Multiplying (4.42) by exp( -xo/6) gives

n I

exp( -x6/6) I pf(x)
k~O

n 4 2 . 0 0

=W(16cos f)+8cos 8+6)[p;,(x)+p;, I(X)

-2cosfJpn(x)Pn l(x)]'exp(-xo/6)+0(n I/0). (4.43)

Thus, if we can find the asymptotic for [p;,(x) + P;' I(X)
2 cos 8Pn(x) Pn_I(X)]' exp( ~x6/6), then the theorem will be proved easily.
Applying Theorem I,

Pn(x) exp( -x6/12)(sin 8JlI/2

=101/ 12n- I/2n 1;12cos(ml+~1t)+O(n-13j12). (4.44)
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Squaring (4.44), we have

279

when~ x = (32n/5)1/6 cos 8 1 and 'I = J~h [g(t) + 1/2n] dt, g(t) is the
function defined in Lemma 8.

Also, using Theorem 1, we have

PIl- I(X) exp( -x6/12)

= 101/12n 1/2n 1/12(sin 82) -1/2 cos [(n - 1),2+ (n ~ 1)nJ + O(n -13/12).

(4.46 )

Squaring both sides of (4.46), we obtain

P;' 1(x) exp( - x 6/6) sin 82

=10 1/6n In-1/6cos2[(n-1)'2+(n~1)nJ+o(n-7/6), (4.47)

where x = [32(n - 1)/5] 1/6 cos 82 and '2 = J~!2 [g(t) + 1/2(n -1)] dt. In the
above, we have used 8 1,82' 'I and '2 to denote the distinct values. In view
of (4.44), (4.45), (4.46) and (4.47), to find the asymptotic for [p;,(x)+
p;, ,(x) - 2 cos 8pAx) Pl1-1(X)]' exp( -x6/6), the main task will be
investigating the asymptotic relationship between 81 and 82 and also
between 'I and '2' Let us consider the former case first. Since
x = (32n/5)1/6 cos 8 1 = (32(n - I )/5)1/6cos 82 we have

(
32n)1/6 (32n)1/6( 1)1/6- cos 8 I = - 1 - - cos 82'
5 5 n

So

or

(
1)1/6

cos 81= I -;; cos 82'

--I [ cos 8 1 J
°2=COS (l-I/n)1/6'

(4.48 )

(4.49 )

From the above derivation and (4.49), we see that given 81, and if n is suf
ficiently large, then we always can find 82 such that (32n/5)1/6 cos 81=
(32(n - I )/5)1/6 cos 82, i.e., they represent same value for x. Also observe
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from (4.49) that if n increases, then ()2 approaches 0 1 from the right if 0 1 is
in the second quadrant and from left if 01 is in the first quadrant. This
observation leads to the following remark: If 0 < 1: 1 < n/2 and
x=(32n/5)1/6cosfJI, where 1:1~()I~n~C;I' then there exists n l and 02
depending on I: I such that 0 < 02 < n/2 and if x = (32(n ~ 1)/5) 1;6 cos (}2 and
n>n l then £2~(}2~n-£2' This fact makes the operations on (4.46) and
(4.47) possible as n-->XJ. From (4.48), we obtain

i( I) 1/6 1
(} \ = cos - IL I - ~ cos (} 2J

=cos I L cos OJ ( 1 )]COS(}2----+ 0 ) .
6n n-

(4.50)

Since the derivative of cos I(X) is ~ l/sin[cos I(X)J, applying the Mean
Value Theorem to (4.50), we get (for the time being, fix n)

I ~ I L - cos O2 ( I ) jeI = cos (cos () 2)+ . [ I ( () J 6 + 0 )
Sill cos cos 0) n n~

=e ~L-cose2 o(~)l2+ . () 6 + ?'
Sill 0 n n~

(4.51 )

where cos eo is a value between cos ()2 and cos (}2 - cos ()2/6n + O( l/n 2).
Since the asymptotic for eI is unique, and ()o --> ()2 as n -->x, we obtain
from (4.51)

Next, let us investigate the relation between 'I and '2' By the above
definition of 'I and '2' we have

f (ll [ I j'I = n/2 g(t) + 2n dt

f
(ll {(II ( I )

= .. g(t) dt + - dt
n/2 n/2 2n

and

f
(l2 f(ll f(ll 1

= n/2 g(t) dt + (I, g( t) dt + n/2 2n dt, (4.53)
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f
82 f82

= . g(t)dt+ [2(n-l)]-ldt.
nl2 rr/2

Thus, with the aid of (4.52), we obtain

r l -r2= (I g(t)dt+(81-~) (2n)-I-(82-~) [2(n-I)]-1

fOI 81 82 1 2 n n
= g(t)dt+---(n- +O(n- ))--+-,----

IJ, 2n 2 4n 4(n - 1)

f
IJI 1

= g(t)dt+(8 t -82 )-2 +O(n- 2
)

IJ, n

f
IJI

= g(t) dt + O(n 2).
02

Now applying the Mean Value Theorem for integrals, we get

281

(4.54 )

(4.55 )

(4.56)

where 8' is a value between 8 1 and 82 , so we can write 8' as 8' = 82 + k,
where Ikl < 18 1 - 82 1= O(l/n). Therefore, by using the Mean Value
Theorem, we obtain from (4.56)

rl-r2=(81--82)g(82+k)+O(n-2)

= (8 t - 82 )[ g(8 2 ) + g'(Ok] + O(n- 2
)

= (8 1 - 82 ) g(8 2 ) + O(n- 2
)

1
= 6n cot 82 g(82)+ O(n 2). (4.57)

Now return to (4.46) and (4.47). We will investigate (n - 1)r 2 + (n - 1)n/2
and sin 82 in these two equations. From (4.57), we get

nr 1- nr 2= icot 82 g(8 2 ) + O(n -I).

Hence

1 f8
2

[ 1 1nrl-nr2+r2=6cot82g(82)+ rr/2 g(t)+2(n-l) dt

1 fe2 (1)=-cot82 g(8 2 )+ g(t)dt+O -.
6 rrp n
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(4.59)

Using (3.79), we get

= ~ cos 0, sin 0,( 16 cos 4 0, + 8 cos 2 0, + 6)30 ~ ~ ~ ~

= ~ sin 20, 116 (I + 2cos 202+ I+ cos 4(2)
60 ~L 4 8

+8(I + c~s 2( 2
) + 6J

I .
= - Sill 20, [ 16 + 12 cos 28, + 2 cos 40, ]60 ~ ~ ~

16 . 3 . I
= 60 Sill 20, +- Sill 20, cos 20, + - sin 20 2COS 402

~ 15 - ~ 30

= ~ sin 202+ /0 sin 402+ 6
1
0 sin 60 2,

and

r
O

' fi), L I 2 I J- g(t)dt= . ~-IOcos6t--cos4t~-cos2t+1 dt
"n12 n/2 5 2

Inserting (4.59) and (4.60) into (4.58), we obtain

n n n
m,-(n~I)T2+2=82-2+2+0(n I)

= 82 + O(n- I
)

= 01 + O(n- 1 ),

which can be written as
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Also, from (4.52) and the fact that sin 01 and sin O2 are bounded away from
zero, we have

sin 0, sin(02 + O(1/n))

1
sin O2 + cos(O') O(l/n)

= (sin°2) - I + 0 G) .
Applying (4.61) and (4.62), we can write (4.46) and (4.47) as

(4.62)

and

PII ,(x) exp( -x6/12)(sin 0, )'/2

= 1011I2n-'/2nl.'2cos(ml + n
2
n -0,)+o(n- 13i12 ), (4.63)

P;' ,(x) exp( ~x6/6)

10'/6n 'n 1/6 cos 2(m l + nn/2 - 81) 7/6).
. 0 +O(n

SIll I

(4.64)

Now applying (4.44), (4.45), (4.63) and (4.64) to the expression
[p;,(x)+p;,_,(x)-2cos8,pll(x)pll_,(x)]'exp(-x6/6) III (4.43), we
obtain

[p;,(x)+p;, l(x)-2cosO,pll(x)pll ,(x)]·exp«~·6/6)

lO'/6n - 'n - 1/6[cos 2(m, + nn/2) + cos 2(m, + nn/2 - °d]

sin 01

2 cos 0, . 10'/6n -in '/6 cos(m, + nn/2)' cos(m, + nn/2 - °1 )

sin 81

+ O(n 7/6)

= {10'/6n -'n 1/6[1 +cos(2m, +nn-8dcos 0,]

-10'/6n 'n 1/6 cos 8, [cos(2m, +nn-8,)

+ cos 8, ] }/sin 8 I

640/50/.1-7
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+ O(n 7/6)

= Ia1/6rr In 16 {[I + cost 2m, + nrr - 0, ) cos 0I]

- (cos () I ) . [cos( 2m, + nrr - 0 I )

+ cos (), J }/sin () I + O( n 7/6)

(4.65)

Inserting (4.65) into (4.43), we conclude that

" ,
L pf(x)exp(-x6/6)
k~O

= Ina (16 cos 4 () I + 8 cos 2 () I + 6) [ 10 16rr 'n 16 sin °I

+O(n 7/6)J+0(n 16)

11
=-(16cos4 0,+8cos 2 0,+6)'I0 16 'rr 'n 16 sinO,+0(n 16)

IO

Now the theorem follows immediately from (4.66).

Proolof Theorem 3. The proof will be derived from Theorem I. If x E A,
then x can be expressed as (3211/5)'/6 cos fI, so

(4.67)

Based on this equality, we can change all the expressions in Theorem I
which involve () to the ones in terms of x. We do this beginning with the
expression inside the parenthesis. Applying the equalities

sin 6f1 = 4 sin fI . cos fI . cos 2 28 + 2 sin 8 . cos 0 . cos 40

and

cos 48 = 8 cos 4 fI - 8 cos 2 fI + 1,
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we obtain

15 sin 28 + 6 sin 48 + sin 68

= 30 sin 8 . cos 8 + 24 sin 8 . cos 8 . cos 28 + 4 sin 8 . cos 8

285

. (4 cos4 0 - 4 cos 2 8 + 1) + 2 sin 8 . cos 8 . (8 cos 4 8 - 8 cos 2 8 + 1)

= sin O· (32 cos 5 8 + 16 cos 3 8 + 12 cos 0). (4.68 )

(4.70)

In view of (4.67), we can write sin 8 as follows:

sin 8 = [1 - cos 2 8] 1/2

1 2 1 4 1 6= 1 - - cos e- - cos e- - cos e
2 8 16

5 7
--cos8 8--cos 108+0(n- 2

). (4.69)
128 256

It follows that

15 sin 20 + 6 sin 40 + sin 68

57

1-- COSH 8-- COSiO 0 + O(n 2)
128 256

. (32 cos 5 0 + 16 cos 3 0 + 12 cos 8)

75 7 175 9 189 II _ 7
-- cos 0-- cos 8-- cos 8 + O(n -)

4 32 64

(
5 )1/6 ( 5 )1/2 3 45 ( 5 )5/6 5 75 ( 5 )7/6 7

= 12 - x+ 10 - x +- - x -- - x
32n 32n 2 32n 4 32n

175 ( 5 )9/6 189 ( 5 )11/6
-- _ X 9 __ _ x ll +O(n- 2 )

32 32n 64 32n .

From (4.67),
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Combining (4.70) and (4.71), we have

608 - 15 sin 28 - 6 sin 48 - sin 60

(
5 ) 1/6 ( 5 ) 3.'6

= 30n - 72 - x - 20 - x'
32n 32n

_ 27 (_5_)5.'6 X5 + 225 (_5_)7.'6 X7
32n 14 32n

(4.72)

Now the asymptotic of the bracket-expression In Theorem 1 can be
obtained by using (4.71) and (4.72) as follows:

n . 0 n
- (600 - 15 sin 20 - 6 sin 40 - SIn 60) +- - 
60 2 4



5/6}+o(n I).
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Hence

cos [;0 (608 - 15 sin 28 - 6 sin 48 - sin 68) + ~ - ~J

L (
n)5/6 5 (n)1/2 3 9 (n)1/6 5 mrJ

= cos 6 - x +- - x +- - x --
10 12 10 64 10 2

{1
15 (5)7!6 1(5)1/6 J

. COS L56 32 x
7-2" 32 x n-

1/6

1~(~)3/2 9_~(~)1/2 3J --1/2
+ L576 32 x 12 32 x n

1189 ( 5 ) 11/6 3 (5 )5/6 J .}
+ L7040 32 x II - 80 32 x

5
n -- 5;6

1 (n)5/6 5 (n)1/2 9 (n)1/6 nnJ
+ sin L6 10 x + 12 10 x

3
+ 64 10 x

5
- 2

{
1l5 ( 5 )7/6 1 ( 5 )1/6 J. sin L56 32 x 7- 2" 32 x n - 116

135 ( 5 ) 3/2 1 (5) 1/2 J
+L576 32 x

9
- 12 32 x

3
n 1/2

1~(~)11/6. "_~(~)5/6 5J
+ L7040 32 x 80 32 x n

Let us rewrite this as

cos L6~ (608 - 15 sin 28 - 6 sin 48 - sin 68) + ~ - ~J
= cos F cos G + sin F sin G + O(n - I ),

287

(4.73 )

(4.74)

where F and G are the corresponding expressions in (4.73). Now, we will
get the asymptotic expansions for cos G and sin G. From (4.73), we see that

and

1 2 1 4 (1)cos G = 1 - - G +- G + 0 -
2 24 n

. 1 3 1 5 (1)SIll G = G - - G +- G + 0 -
6 120 n .

(4.75 )

(4.76)
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On the other hand, we have

7_f[15(5)7!6 _7 '(5)1/6 Jc- - - - x - - - x n Ji6
56 32 2 32

1350 (2)16/6XI6_~(2)JO/6XIO
+ 12544 32 448 32

1(5 )4/6 J+ - - X 4 n - 2/3 + O(n I)
16 32

(4.79)
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and

[15(5)7/
6 1 (5)1 /

6 J5G5= - - X7__ _ x n- 516 +O(n- 1)
56 32 2 32

=[ 759375 (2)3516;(35_ 253125 (2)29/6 29
550731776 32 - 19668992 32 x

+ 33750 (2)23/6 X23 _ 2250 (2)17/6 17
702464 32 25088 32 x

75 (5) 11/6 1 (5 )516 J11 5 - 5/6 - 1
+ 896 32 x - 32 32 x n + O(n ).

Inserting (4.77) and (4.79) into (4.75), we obtain

Similarly, inserting (4.78) and (4.80) into (4.76), we get

. [15(5)7/
6 1(5)1/

6 J
Sill G = 56 32 x

7
- 2: 32 x n - 1/6

[
-1125(5)7/

2 225 (5) 15
1
6

+ 351232 32 X
21

+ 12544 32 X

15

(~_~)(2)9/6X9_~(2)1/23J -1/2
+ 576 448 32 16 32 x n

l 50625 ( 5 )351
6 16875 ( 5 )29/6

+ 4405854208 32 X

35
- 157351936 32 X

29

(
6750 7875)( 5 )23/6

+ 16859136 3612672 32 x
23

(
-225 175 75)( 5 )

17/6
+ 301056+21504+25088 32 xl?

289

(4.80)

(4.81 )
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(4.82)

To simplify the computation, we rewrite cos G and sin G as follows:

cosG=I+PI(x)n 1/3+P2(x)n- 2;3+0(n I), (4.83)

sinG=QI(x)n 1/6+Q2(x)n 1/2+Q3(x)n 5/6+0(n I), (4.84)

where P;(x) and Q;(x) denote the corresponding polynomials in (4.81) and
(4.82). Now, from (4.67), we have

(sin 8) 1/2 = (1 - cos 20) 1/4

Combining (4.74), (4.83), (4.84) and (4.85), we obtain

(sin 8) 1/2 cos [ 6~ (608 - 15 sin 28 - 6 sin 48 - sin 60) + ~ - ~J

[
1 ( 5 ) 1/3 5 ( 5 )2/3

= 1+- - x 2+_ - x 4 +O(n I)J
4 32n 32 32n

'{[I+P I(x)n 1/3+P2(x)n 2/3J'cosF

+ [QI(x)n 1/6 + Q2(x)n 1/2 + Q3(x)n 5/6J sin F + O(n- I)}

=[1 +P I(x)n- I/3+P2(x)n 2/3+~C52Y;3x2

'n-I/3+~(:2)1/3x2'PI(X)'n 2/3

+ :2 (:2) 2/3 x 4
. n - 2131cos F

+[QI(x)n 1/6+Q2(x)n 1/2+Q3(x)n 5/6

+ ~ (:2Y/3 x 2. QI(x)n -1/2 + ~ (:2Y
/3

x 2. Q2(x)n 5/6

(4.85)
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where

1(5)1/3
P1(x)+"4 32 x

2

=[-225 (2)7/3 XI4 ~(2)4/3X8 ~(2)1/3X2J
6272 32 + 112 32 + 8 32 '

1 ( 5 ) 1/3 5 (5) 2/3
P2(X)+"4 32 X

2
'P I (X)+32 32 x

4

= [ 16875 (2) 14/3 X28 _ 4500 (2)22/
6 x 22

78675968 32 2809856 32

(
-75 225)( 5 )8/3 (425 5)( 5 )10/6

+ 4608 + 50176 32 X

l6

+ 8064 - 896 32 x
10

~ (2) 1/3 2 [- 225. (2)7/
3 14

+ 4 32 x 6272 32 x

~(~)4/3 8_~(~)1/3 2J ~(~)2/3 4
+ 112 32 x 8 32 x + 32 32 x

16875 (5 )14/3 1125 (5 )11 /3
= 78675968 32 X

28 - 702464 32 x
22

3125 (5 )8/3 325 (5 )5/3 11 (5 )2/3
- 150528 32 X

16

+ 4032 32 x
lO

+ 128 32 x
4

,

(4.87)

(4.88)
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+~ (2)1/3 x2 . [~(2)7/6 x7_~ (2)1 /6xl
4 32 . 56 32 2 32 - J

and finally,

(4.89 )

(4.90)

I ( 5) 1(3 5 (5 )2/3
Q3(X)+4 32 X

2
-Q2(X)+32 32 X

4
·QI(X)

50625 ( 5 )35
/
6 16875 (5 )29/6

= 4405854208 32 X

35

- 157351936 32 X

29

(
6750 7875 1125)( 5 )23/6

+ 16859136 3612672 1404928 32 X
23

(
~225 175 75 225)(5)17/6

+ 301056+21504+25088+50176 32 X

I7

(
15 189 105 45 35 15

+ 21504 + 7040 -13824 - 4032 + 2304 -1792

75 )(5)11
/
6 ( I 1 3 1 5)(5)5/

6 J
+ 1792 32 x II + - 3840 + 96 - 80 - 64 - 64 32 x

5

50625 ( 5 )35/6 16875 (5 )29/6
= 4405854208 32 X

35

- 157351936 32 X

29

3625 (5 )23/6 ( 4475 )( 5 ) 17/6
-1404928 32 X

23
+ 301056 32 X

I7

203881 (2) 11/6 11 _ ~ (2) 5/6 5
+ 3548160 32 x 256 32 x .
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Now, the theorem follows immediately from (4.86), (4.87), (4.88), (4.89),
(4.90) and Theorem 1.
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