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All orthogonal polynomial systems satisfy a recurrence formula:

XpAX) =ty 1 P () F B PAX)F P e (h

In case the weight function (over (—oc, o)) is exp( —x%/6), b, =0, and the q, also
satisfy the recurrence formula: n =aX(a? , a2, | +al, +2a}  al+al, a; | +ai+
2a2al_ +at [ +al_,al ). The existence of an asymptotic series for g, has been
recently proved by A. Maté and P.G. Nevai. The present paper is based on the
above two recurrence formulas. First, we apply Shohat’s method to (1) to obtain a
differential equation for P,(x). Then, by applying the asymptotics of «, to this dif-
ferential equation, we obtain Plancherel-Rotach-type asymptotics for P,(x) in the
interval |x| < ¢x,, where x, denotes the largest zero of P, (x). and 0<c<1. < 1987

Academic Press, Inc.

1. INTRODUCTION

Let w(x)=exp(—x%6), xe R, and let P (x)=7,x"+7y,_;x" "+ +
Yo, 7, > 0 denote the orthonormalized polynomials corresponding to w(x).
Then {P,(x)} satisfies the recursion formula

xpn(x):anﬁtlpn+1(x)+anpn I(X)a (11)

where a,=7y, /y.. G. Freud [2] showed that the sequence {a,} also
satisfies the recursion formula

— 42 2 2 4 2 2 2 2 4 2,2
n_an[an+2an+1+an+l+2an+lan+an+lan l+an+2anan 1

+at +a al ], n=1,2,.,a,=0,a_,=0. (1.2)

* This material is a major portion of the author's Ph. D dissertation completed under the
supervision of Paul G. Nevai.
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Recently, A. Maté and P. G. Nevai [6] proved that there exists an
asymptotic series for a,; in particular,

n\VYe 11 1
_(n L1 ooy 1
@ (10) |:1+36n2+0<n4>} (13)

All the classical orthogonal polynomials satisfy a simple second order
linear homogeneous differential equation with known initial conditions.
Applying the Liouville-Steklov method [13] to these equations, we can
immediately find asymptotics for these polynomials. However, there exist
other orthogonal polynomial systems which do not satisfy a simple or
explicit differential equation. Indeed, finding the associated differential
equation requires a great deal of effort; for example, in the case w(x)=
exp(—x*), P.G. Nevai [8] proved that the corresponding orthogonal
polynomials P,(x) satisfy the differential equation:

Py(x) — (4x3 + ¢—%) p(x)

x2
Pa(x)

where ¢,(x)=a2, | + a2+ x* and a,, are the coefficients in the recursion for-
mula for p,(x). The same idea was also used by Shohat [12] to find the
differential equation of p,(x) associated to the weight function w(x)=
A~ "exp(f|BA 'dx), where 4 and B are certain fixed polynomials. In this
paper, we will use the same method to find a differential equation of p,(x)
associated to the weight function exp(—x°/6). Then we will apply P.G.
Nevai’s technique [9] to find asymptotics for the polynomial P,(x) which
is valid uniformly for

T da? (4¢,,(x> bo 1)+ 1 — da2x® — 4x* =2 ) pa(x) =0

30\ /0
|x|<C<Tn> . where O<ec<l, (1.4)

G. Freud [3] showed that (32r/5)"® is asymptotically equivalent to the
greatest zero, denoted as x,, of p,(x). In view of (1.4), the asymptotic for
p.(x) will be valid uniformly for |x| <cx,, where 0 < ¢ < 1. Additionally,
we will also get an asymptotic for 37_} p2(x) exp(—x°/6). These reults are
the extensions of three theorems in P. G. Nevai’s paper [9], which state:

THEOREM A. Let p,(x) be orthonormal polynomials associated with
exp(—x*), 0 <e<n/2 be fixed and x = (4n/3)"* cos . Then the asymptotic
formula
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pAx)expl —x*/2)y=12"%7 p Bsing) 2
. . . 0 =n
“cos | 121120 — 4 sin 20 — sin 40)+3+Z
+0(n °%)
holds uniformly for n=1,2,.., and e <8<n—=.
THEOREM B. Let {p,(x)} be orthonormal polynomials associated with
exp(—x*), 0<e<n/2 be fixed and x = (4n/3)"* cos 0. Then the asymptotic

Sformula

n—1
n VY pHx)expl—x*)=2(12)" (3n) 'sin (1 +2cos* )+ O(n ")
k=0 ’

holds uniformly for n=1,2,.., and e <0< —e.

An application of Theorem A was given in P.G. Nevai's paper [11],
which states:

THEOREM C. For a given interval A,

Pa(x) exp(—x*2)

=128z 3y l"'x'{(l—l—B,(x)n 12y

64\ " 1\
X oS [(2—7> xn?t 4 (1—2> xn' —%E}

64 4
+ (By(x)n 4 4 Byx)n ¥4y sin [(ﬁ) -

1 1/4
+ <E> xn' —%jl} +0(n °%)

holds uniformly for n=1,2,... and x € A, where

L3\ 9 . 81
B"”‘@(Z) +%6Y "200 " )

1 3 1/4 9 s
Bz(x)——2-<z) <~x+2—0x ),

L3V 3 163 1 243
B3(X)= (Z (__x3+__x7 8 11 ’C15>.

and

2" T30 TTe00" 32000
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2. RESULTS

THEOREM 1. Let 0 <e<m/2 be fixed and let x = (32n/5)"® cos §. Then
the asymptotic formula

pn(x,) exP( _X6/12)

— ]Ol/lzn ——l,r’?_n l/lZ(Sin 9)—1/2

)
X €OS [6%(600— 15 sin 20 — 6 sin 40 — sin 69)+§—§:|+0(n"‘3“2)

holds uniformly forn=1,2,.. and e <0<n—e.
THEOREM 2. [f O<e<m/2 is fixed and x = (32n/5) cos 0, then
e Z pilx) exp(—x°/6)
=10 *n~'sin0- (16 cos* 0+ 8 cos’ O +6)+ O (%)
holds uniformly for n=1,2,3,... and e<0<n—¢.

THEOREM 3. For a given interval A,

pa(x) exp(—x°%/12)
= 10M12 V2 V12 [(1 4 By(x)n 4 By(x)n ")
~cos F+ (By(x)n "o+ B,(x)n~"* 4 Bs(x)n %) -sin F]
+0(n 13/'12)

holds uniformly for n=1,2,3,.. and xe A4, where

S6 s a\Y2 L9 /n\Y . mm
F= 6(10) ”E(ﬁ) x*a(m) Yo
_225/5 SN 1[5\
B _ 4 8 I 2’
=557 ( 2> 12 (32) x +8<32> o
By 185 v 125 (SN 3125 (S\
) = TR675968 Y T 702464\32) ¥ 150528\ 32

Q325 (5N UL 5\
2032\32) * T1g\z:2) T
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15/5VC . 175\
Byiv)=— (=) v —=(2)
() 56<32) t z(sz) -

1125 /5 V72 25 5\

B.x)= i /21 e - 15

alx) 351232(32) N *12544(32) ¢

NEARE AT
o08\32) Y T1e\32) v
and

50625 [ 5\ 16875 [ 5\*"
By(x)=— [ = P 20
4405854208 \ 32 157351936 \ 32

3625 (5 W, TS (SN,
1404928\32) * T301056\32)

L 203881 (SYUO 315\
3548160\32)  T2se\32) Y

3. LEMMAS

LEMMA 1. The orthonormal polynomials | p,(x)} associated to the
weight function w(x)=exp(—x°®/6) satisfy the following equation:

, h
pn(x):_pnr— l(x)+anan—— 14, Z(ar21+ 1 +ar21+a5 l+a!217

n

2+a§, 3) P 3(X)

+ a,a, 4, 24, 34, 4P, . S(X)’
where a, =7, /Y., v.>0 denotes the leading coefficient of p,(x).

Proof of Lemma 1. Expanding p,(x) into Fourier series in { p,(x)}, we
obtain

n—1

pux)= Z ey Prlx). (3.1)

k=0

Multiplying (3.1) by p.(x) on both sides and then integrate w.r.t. w(x),
we have

o= [ i) pet) wix) dx

=[Py wix) dpy ()
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= [0 W) (0017, = [ pa (0L pelx) w(x)T' dx

—oC

= =[P px) W dx+ |

9}
— o0 —

Pu(x) pilx) Xw(x) dx.  (3.2)

Since the degree of p,(x) is less than that of p,(x), by the orthogonality,
the first term of the right-hand side in (3.2) vanishes. So

=] P pelx) Xwlx) dx (33)

—

From (3.3) and orthogonality, we see that if £+ 5 <n then ¢, =0, in other
words if k<n—5 then ¢,=0; also from (3.2), if n—1+k is odd then
¢, =0, since w(x) is an even function (see [13, p.29]). This implies
¢,_4=¢,_,=0. Therefore (3.1) becomes
PuX)=cCy_spa_s(x)+cy_3pa_s(x)+cy_ 1 pu_i(x) (34)

Now we are going to expand x°p,(x) and then use (3.3) tofind ¢, s, ¢, 3,
and ¢,_,.
By repeated application on the recursion formula
xpn(x):an+1pn+1(x)+anpnfl(x)’ (35)

we obtain

xzpn(x)zx'an+lpn+l(x)+x.anpn—fl(x)
:an+l[an+2pn+2(x)+an+lpn(x)] +an[anpn(x)+an~ 1 pnf—Z('x)]
=y 1Ayrr Pur X))+ (@), +a)) pa(x) +a,a,  puo(x). (3.6)

Using (3.6), we see that

pa(x)=x-xp,(x)
=(Ay 18,4204 3) Puys(X)
t(a, 18, a,,  tara, ) paa(X)
+(a;,a,tay+a,a; ) p,_((x)+(a,a,_a,_3) p,_s(x).
Following the above procedure, we also have
x4pn(x)=(an+lan+2an+3an+4)pn+4(x)
aal CONRT MY Y. FIP Y A A

+ar21an+lan+2)pn+2(x)
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2
n+

B

2 2 4 2 2 4 2.2 .
+(ar1+ 1an+2+a 1+ana l+anr lan+an+anan l)pn(-\)

"t

2 3 35 2 .

+(anflanan I +a,,a”, 1 +(1,, 1(1”*}“(1”(1” |£I” Z}pn 2(-\)
+ (anan 14, 2d, 3)pn 4(.’().

and

XPAX) =y 1@y 28,4 30, 4y 5) P s(X) H (A, 14,04, a2 v 4
+an+1an+zui+3+an+1“3+2“n+ 3+a;‘,+1a,,+2an +3
Fana, 410,20, 3) Py a(X)+ (@) sa) 00, tdy ol
+a,,,a,, +a; aka,, a4, ta +2a, , \a;
2

4 2 2 2 4
+an+lan+an+lanan—l)Pn+ l(x)+(anan+1an+ 2+anan+l

2

3 5 342 2 2 2 3 4
+ Zanan+ 1 + an + anan 1 + an Ianan+ 1 + an —lan + an lall

2 2 2 3
+an lan—zan)pn 1(x)+(an+lanan lar172+anan lan 2

3 3 2
+anan lan~2+anan lan 2+anan lan—Zan—})pn 3(')()

+anan 1y . 2dy, 3dy, 4Py S(X)' (37)

Muitiplying (3.7) by p,_,(x) w(x) on both sides, then integrate and take
(3.3) into account, we obtain

N — 2 2 4 2 2 2 2
Cp l_an(an+2an+l+an+1 +2an+lan+an+lan~l

+at+2a2at [ +at +ai al ) (3.8)

In view of (1.2), the right-hand side of (3.8) is exactly equal to w/a,.
Therefore,

n
Cp .1 =—. (3.9)
a”
Similarly,
S — 2 2 2 2 2
('n— 3 —a,,a,,,,a,,,z(a,w 1 +an +an -1 +an72+an, 3)a (310)
and
Cp . s=4a,d, 4, -4, Ban -4 (311)

The lemma now follows from (3.4), (3.9), (3.10) and (3.11). In the
following lemma, we will rewrite p,(x) in terms of p, _,(x) and p,(x).
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Lemma 2. If w(x)=exp(—x%6), then the corresponding polynomials
{ pa(x)} satisfy the following two equations:

pux)=a,d,(x)p, (x)—1,(x)p,(x), (3.12)
and
pr(x)=[2a,(a;, , +a3)x+4a,x* +a,x°¢,(x)]1 p,_(x)
+ [m3(x) = m(x) — al@,(x) 4, 1(x)] pulx), (3.13)
where
dx)=a’, (a, ,+a’, +a)+al(al, +ai+a’ )
+x¥a?,  +at+x?), (3.14)
and
n(x)=a’x(a’+al,, +a>_,+x°). (3.15)

Proof of Lemma 2. First of all, we will express p,_s(x) and p, ;(x)in
terms of p,(x) and p,_ (x), and then apply Lemma 1. From the recursion
formu}a ‘xpn— I(X) = an pn(x) + anf 1 pn — Z(‘x)3 we have

1
Po2(x)=——[xp, (x) = a, p(X)]. (3.16)

n—1
This implies

1

Pn- S(X)za [xpan(x)_anflpnfl(x)]'

n-2
Applying (3.16), we obtain

n—1

X 1 a
Py alx)= [ (py 1) —a, m(x»] -2

Pn_1(x)
a, -4, "

n—2

P o L e SRR
a a

n—18n_2 a,_» n—2, 1

If we substitute » — 2 for n into (3.17), then we get

2
X Ay .3 a,_2X

Pn s{x)= (a,, ] 4a,,,3—a,,,4> Pnfz(x)*m: Pa_2{x). (3.18)

640:50/3-4
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Applying (3.16) and (3.17) to the right-hand side of (3.18), we obtain

L2 - 2
_ R a, . 3 X Ay .| .
pn S(X)- - -~ pn I('\)
a, 44, 3 a, 4 dy. 14y 2 d, >

a,x a,. X XDy l(x) a, [)n(x)'
- p'l("Y) - a -
3

a,. 4, n 48y a, . d,;
a X : 3
_ by 2 a, 3d,Xx a,x
- + - pn(x)
a, a4, 3dy d, 44, 4, ;4 a, 44, 34, >4, 1
4 2
X d, X a, s3d,
+ - +
a, 4d, 34, .,4,. Ay 44, 3d, > 4, 44, >
a, ;x’ d,. 2x°
n 3~ n-27
- - >pn l(x)' (319)
a, 4an 2an 1 a, 4an 3an 1

It follows from Lemma 1, (3.17) and (3.19) that
p:,(.\') = (anarzl + Zarzz+ | +a:+ 1an+2afzz+la;31+arzz+lai - lan
+a?1+2a)31a;7; l+anaﬁ I+anar21 larzler)pn—l(x)

2 2 2 2 2
+anan— 1dy Z(an+l+an+an 1+an 2+an 3)

- 2

X~ a, . a, X
X < - Pn l(x)#_——pn(x)
L\dn 28, a, > a, 24, .

+ a,d, 14y Zan 3d, 4
[/ a,a, -x a, _1a,x a,x’
nn  2- n—-3%g n
I
L a, 44, 3an -1 a, 4an ;’an - a, ,4(1” 3
v a, ,x’° a,_,a
i 7 17 n—3%n--1
+ < - . +
a, 44, 3a11 Sy, a, 44, - 3, .2 a, 44, >
a, ;x° a, ,x’
n 37 n-2
- - )pn l(x)]'
a, 4d, 204, ., a, ad, .34, |

If we multiply this out and arrange the like terms, then we arrive at
p;l(’x):aﬂ[a;21+ l(alzl+2+a;21+l +a,2,)+a,21(a,2,+ 1 +a;2:+a;21 1)

—apx[ai+a;,  +a;  +x2]p(x) (3.20)
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By using (3.14) and (3.15), (3.20) can be rewritten as
pu(x)=a,8,(x) p, ((x)—=m,(x) p,(x). (3.21)

This proves the first half of Lemma 2.
By differentiating (3.21), we obtain

Pu(x)=L[a,8,(x)p, _(x)+a,0,(x)p,_(x)]
- [nn( )pn( )+TC"( ) pn( )] (322)
Applying (3.21), (3.22} becomes

Pulx)=a,¢,(x) pn_1(x)
+an¢n(X)[a,,,71¢,,; ()P, x) =1, ((x)p, ((x)]
—1,(x) p(x) )a,(x) @,(x) p - 1(x) —7,(x) p,(x)]
=[a,¢,(x)—a,¢, (x)n 1(xX)—a,8,(x) m(x)] p, 4(X)
+ [m(x) = ()] pu(x)+a, ya,d,_1(x) g,(x)p, H(x).  (3.23)

Now, applying (3.16) to the right-hand side of (3.23), we obtain

p);/(x) = [an ¢:1(x) - an¢n(x) , - 1(.X - an¢n(x) 7'[,,()()] Pn l(x)
+ [TC,Z,( - TC”( ’C)] Pn( ) + a, an¢n l(x ¢,,(X

1
X[ (xpf1~l(x)7anpn(x)):|
a,

= [an¢:1(' ) an¢u( ) 11 1 Y) —an¢n(x) nn(x)
+an¢n———1(x) ¢n(x)x] pnfl X)
+ [m(x) =l (x) = ayd, 1(x) §,(x)] p.(x). (3.24)

Now, we are going to simplify the coefficinet of p,. (x) in (3.24). From
(3.14),

$n(x)=2a2,  x+2alx+4x°.
Hence the coefficient of p, (x) in (3.24) can be written as
2a2 a,x+2a2x+4a,x> —a,¢(x)n, (x)+7r,(x)—¢, (x)x].
But, with easy calculation,

n ,(x)+7‘c,, ¢n H \r)x_v' s
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hence, this coefficient equals

2a,(a,  +a)x+4a,x* +a,’p (x).

We have completed the proof of Lemma 2.

LEMMA 3. There exists a constant A >0 independent of n such that

2,(0)= A cos (%T) no V12 [1 ) G)] (3.25)
p.(0)=6-10">°-4-n**sin (%) [1 +0 (%)J, (3.26)

where { p.(x)} are the orthonormal polynomials associated with exp(—x®/6).
1 Pn poi; p

and

Proof of Lemma 3. In order to prove (3.25), we consider two different
cases:

Case 1. If n is odd, then p,(x) is an odd polynomial, since
exp(—x®/6) is even (see [13, p. 297]). Therefore p,(0)=0.

Case2. If n is even, then by applying the recursion formula
xp, (xX)=a,p(x)+a, ,p, .(x)repeatedly with x =0, we obtain

aﬂ a’l B
pn(o): —Tl Pr 2(0)5 Pn 2(0): —-—15
a,
Pu a0y p2(0) = —;po(O).
Therefore,
) n/2 /2
Pal0)=(— 1y [T as—1 T] a5 (3.27)
k=1 k=1
or

n/2 2k —1 1/6 | ni2 2k 1/6
ni2 ! —
POI= = LH. w(57) e (55) ]

—1/3
x (n1)Ve-2 6[(%)'} . (3.28)
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The validity of (3.28) is based on the fact that

n/2 n/2

[T @k—1)" I (kv

k=1 k=1

}’l.' —1/6 n /6

n! oue e NIAN AL e
:[2"/2@/2)!] @ [(5”
:(nu‘mzﬂﬁ[(g>s]uf

By (1.3), a,(k/10) = (1+ O(1/k?)) as k — oo, hence the two products in
(3.28) converge as n — oo. Let us denote [, ax ,((2k —1)/10)~ ¢ and
T17., @5'(2k/10)"® by a, and a,, respectively, then we can rewrite (3.28)
as

&y
[Ty 1 @a— (2K —1)/10) 76

<x2 . '1/6_2\n/6 n 1 e 329
T a2kyioy 7 | ) )t - G®)

Since  ay_((2k—1)/10) " =[1+ O(1/(2k - 1)*)]1=[1 + O(1/k*)], we

have
= 2k — 1\ = 1
(1o (55 01 [reo(Y)] o

k=n/2+1 k=n/2+1

P0)= (= 1)"2, [

It follows that

= 2k—1\"" z !
ol 1o (5 T 5 (0 )
k=ni2+1 o 10 k:’%+1 k2
1

- ¥ C)(HJ. (3.31)

k=n/2+1

But
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so from (3.31), we see that

o[ 11 e (55 -o()

Hence
* 2k -1\ e ,
H dop < > — ()O(lr'”)
k=n/2+1 w 10
1
=1+O<—>. (3.32)
n
Similarly,
' 2k> 1,6 (1)
ayy | — =14+0[-). (3.33)
k:EL . * (10 n

By combining (3.29), (3.32) and (3.33), we obtain

p(0)=(—1)"2y, {ﬂ<1 +0 (1»} (n1)Ve-2 6. [(E> !} (3.34)
o n 2
By applying the Stirling formula, (3.34) becomes
o, [0 M = “
pcars oo 5 (ofl)
o | w1 M !
2 (G v (o ()]
= (1), <ﬂ>e onr®(2mn) " <1+ <1>>
xs n
2oen(2) " 100(2)
2 n
— (= 1), (ﬁ)zmz(nn : 1/12(1 +0< ))
&

If we use “A” to denote yo(x,/2,) 2"/"?n "%, then from the result of case 1
and case 2, we see that

p,(0) = 4 cos (%)n””(l +o<%>>. (3.35)
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Now, we are going to show (3.26), the second half of Lemma 3.
From (3.12) or (3.20) with x =0, we have

pn(0)= an[aﬁ+ 1(a»z1+2 + ar21+1 +a;)+ ai(a3+l +a; +a,";; )1p.-1(0).
(3.36)

Using the facts that a,=(n/10)"%(1 + O(1/n)), a>=(n/10)"*(1 + O(1/n))
and applying (3.35), we can write (3.36) as

io=(55) (o G))s(5) (1+0(3)]
JroE2)e o o)
—6-10 2 4 sin (ﬁ;)(l 40 (%))

The proof of Lemma 3 is complete.
The following lemma was proved by G. Freud [4]; we will need it to
prove our theorems.

LEMMA 4. Let {p,(x)} be the orthonormal polynomials associated with
exp(—x®/6). There exists a constant B independent of x and n such that

n -1
Y, Ppi(x) < Bn®® exp(x°/6),
k=0

forn=1,2... and xe R.

LEMMA 5. Let {p,(x)} be the orthonormal polynomials associated with
exp(—x%/6), and 0 <& < 1 be fixed. Then there exists a constant ¢ depending
on € only such that

| palx)] <en™ V12 exp(x9/12),
for n=1,2,... and |x| < &32n/5¢, x real.
Remark. A generalization of this lemma was proved by P. G. Nevai

{10]. Also note that .&/32r/5 is asymptotically equivalent to 2a, or X, the
greatest zero of p,.(x) (see [3]).
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Proof of Lemma 5.  Applying Lemma 2, we obtain

pn( )pn l(x)_pr,z I(-\‘) pn(x)
- [an¢n pn I(X) - nn(x)pn(x)] pn ]('\‘)
- [an l¢n l(x)pn z(x)“Tf,,, l(x,)pn— ](X)]pll(x)

=4, n(x)przl I(X)inn(x)pn(x)pn—I(X)
*ar171¢n 1( )pn 7( )pn( )+nn~l(x)pn—l(x)pn(x)’

which, by recursion formula xp, (x)=a,p.(x)+a,_,p,_ >{x), can be
written as

PAX) Py AX) =Py (X) p(x)
“an¢n pn (“ )~nn(x)pn ](X) p,,(X)—p,,(X) ¢n—l(x)
’ [xpn— 1 x)—anpn(x)] +7T,, l(x)pn— 1(X)Pn(x)

:an¢n I(x)p( )+an¢n( )pnfl( )
+[m, (x) = (x)=x¢, (X)]p.(x)p, 1(x) (3.37)

Thus by the Christoffel-Darboux formula [13], we have

Z p/%(’ _an[[)n pn—]( )‘p; l(x)pn(x)]

:as¢n——l(x)p;21(x)+a5¢n(x)pp21~](x)
+a,[n, (x) =, (x)=x¢, (¥)] px)p,_i(x). (3.38)

Using the definitions (3.14) and (3.15) of ¢,(x) and 7,(x) to simplify
n, (x)—m,(x)—x¢, (x), we obtain, from (3.38),

n -1
Y pux)=alp, (x)pix)+aie,(x)pl_(x)
k=0
+[ 2an n+1x_2a'51'x
—2ajal \x—2a}x*—a,x] p(x)p, ,(x). (3.39)

Dividing (3.39) by # and observing that 2p,(x) p,,  (x) < p2(X)+ p}_ (x),
we get
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n—1

- Z pi(x)

1 1
= a2, () P+ a2, () P2 () 4

‘[—2ala?, \x—2a’x-2a}a® | x—2aix*—a,x’]p,(x)p, i(x)

1 1 1

>_afl¢n——l(x)p%(x)+_a3¢n(x)pi —l(x)+_

n n n
|: anan+ltxl-ai|x|

1
“aiazzz yIxd _a2|x|3_§an |x|5] (Pi(x)'i‘[)i 1(x))

n nn—1

1
> oL@k, ()= ajad, |- allxl — @] I
3 3 1 5 2 1 2 3,2
_anlxl _Ean|x| ]p,,(x)—!—; a, n(x)—a,,a,,+1|x|

1
—ay x| —aya; |x|—aylx]? —3 a,,|x|5] Pa(x). (3.40)

Since a, = (/10)°[1 + O(1/n*)], a,, , = (W/10)*[ 1 + 1/6n + O(1/r*)]. We
thus see that if » is sufficiently large, then

a, _1+(1/6n) + O(1/n*) _n*+(n/6) + O(1)
1+0(1/n*) n*4+0(1)

> 1. (3.41)
a

"

Hence a,, ., > a, if n is sufficiently large. Consequently ¢,(x)> ¢, _,(x) by
the definition of ¢,(x). Therefore we can replace ¢,(x) on the right of (3.40)
by ¢, :(x), and obtain, if » is sufficiently large,

]nfl

Z pk I: "¢n7l(X) a, n+llx‘ a,51|x|_a an71|x|_a3’|xl3

", "o

1
—EanIXIS] palx)+ [ 2 (x)—an ap)x] - a;lx]

3 2

1
~aal sl =@l = a x| (o) (342)

Now, we are going to simplify the expression inside the bracket on the
right of (3.42). Since, by definition of ¢,(x),
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atg, . (xX)=alaial, +a+ad )+a: ((a+a [ +ad )

+xN a2 +ad | +x%)]

g d 2 6 4,2 4 2 2.2
_anan+l+an+2anan 1+an——lan+anan

2 2
+atx*+alal | xX*+aixt
we have

ay, (x)—ama; Ixl —a) x| —apa; x|~ a;|x]P —4a,|x]?

=alx*—Ja,|x|’+atx’+a2ad | x?—a|x|?
—a,a; x| —a|x| —af,afH xt +aya, a,_,+aya,

4 .2 6 4 2
+ Zananf 1 +an+anan+l

S L S M

4 L L s
an 2an an an an an an
2 2 2 4 2 5
a x| a;_,a: a 2a’ a:
1 —1 2 -1 1 1
o n+ 5 + n 4!1 + n S + n2 + 1 + nJ; , (343)
a, a, a, a, a,

which, by long division algorithm, can be written as

alzl /111(~Y)‘a131a;21+1|xt_ar51 x|—a2a2 X

n—1

Vai‘XP - %anlx|5

2
n n a, a

Naﬁ{[_x4+2xz+2(a,%~aﬁl) +6aﬁ+2aﬁ+1—2aﬁl}
CR ] RSELEE
a n

.[1_m:\_6aﬁ+2ai“-2a2 a: a:i , ai_

n—1
+
2a; a
I
4 2 2 2 2 2
x' 2x* 2a;—a; . 0a;, —a,_
:ag _Z+—2+ (n 3!1 l)lx|+ ( +12 n 1)+6
an aﬂ an a"
| x} a2, ,—a’_)) a_ @ , al_,
. 1____ . 6+ n+ n + n n _+_ n
[ 2a, a, a, a,
2a? a’
P R (3.44)
a" a"

Since, with the aid of (3.41), the expression inside the first bracket of (3.44)
is always positive if » is sufficiently large, we obtain
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ayd, ((x)—azay, |xI—a|x| —aya;_ x| —a;|x|’ = a,|x|?

2 2 2 2 2
>a3{6<1—;‘]>—[6+ (a”“aza"‘)]+a”‘;f”2

d, n n

4 2 2 2
+(1,;:1+ an—l_+_1+ n+l} (345)

" n n

Inserting (3.45) into (3.42), we get

k=0
2 2 4 2 2
a a a 2a a
—1% -2 — i -1 1
L i M SR B B 2(x)
an an an an

+a_2 6 ]A|“i| _ 6+2(a?1+1‘a121—1)
n 2a, a?

> 2 4 2 2
a,_,a:_, da, , 2a; a
n—1%n-2 1 1 1 n+lin1(X).

We now replace |x| by its largest value \%32n/5¢ as stated in this lemma,

we obtain
g . J/32n/5¢ NG —a?
~ X pilx) 2%[6(1__71/_)_<6+_(¢+_102_n_1))

kAO n

2 2 4 2 2
a a. a, 20"7 a, ‘
n-—-1"%n—2 i i 1 ;l i():)

a at a; "
as 3/32n/5¢ 2ay, —a; )
+ LY 6+ ————"—
n zan an
al_a? ar | 2ai_ a,
e e M e 1+1+"a—ZI]P§1(X)~ (3.46)

n n

Let n — oo, then we see that the coefficients of p2(x) and p2_,(x) both con-
verge to (6/10)(1 —¢), where 1/10 is the limit of %/n as n — 0. Hence for
n 2 n(e), these coefficients will be greater than (1 —¢). Therefore we have

n—1

Z pix l—s)[p,,(xnp,,,,(xn

if »n 1s sufficiently large. This implies that
n—1

Z pi(x).

PAx) < pix)+ ph_(x) < 0
— & n



250 RONG-CHYU SHEEN
Applying Lemma 4, we obtain

2
T n>° exp(x°/6), (3.47)

S| -

pa(x) <

for some constant ¢. Lemma 5 now follows from (3.47).

LEMMA 6. Let {p,(x)} be the orthonormal polynomials with respect to
the weight function exp(—x°/6). Let a,=y, /y., where y,>0 denotes the
leading coefficient of p,(x), and z(x)= p(x) exp(—x*/6)[p.(x)] ~V%, where
¢”(’C n+l(an+"+an+l +a7)+a ( n+1+an+an— )+X ( n+1+a5+x2)'
Then z(x) satisfies the differential equation:

1 | 5 3
:"(X)+[—ZX“’§— *31,(x)/(x) )5 x ——¢i,(X)¢i,(X)/¢ﬁ(X)

Zé ))+ ) B 1)+ 7 (0) = Tx) = ()
3 2xm,(x) ] _
— 47, (x) X/ ,(x W] z=0, (349)

where n,(x)=a’x(a2+a?,  +a2 | +x%).

Proof of Lemma 6. From Lemma 2 we know that

pn('x —an¢n( )pn I(X)_T[( ) n(x) (349)
and
pi(x)=1[2a,(a2,  +a) x+4a,x* +a,x’¢,(x)] p, (x)
+ [70(x) = m(x) —apb.(x) §,_1(x)] pu(x) (3.50)
To prove this theorem, at first, we need to find a differential equation

satisfied by p,(x). This can be done by eliminating p, _;(x) from (3.49) and
(3.50). By doing so, we obtain

pux)-[2(a;, 4+ ap)x +4x7 +x°¢,(x) ] — pr(x) ¢, (x)
=a,8,(x)[2(a;,  +a))x +4x° +x°6,(x)]p, 1(x)
—m,()[2(a; ,  +a;)x +4x7 +x°9,(x)] p(x)
~{[2a,(a; ,  +a}) x$,(x) +4a,x°$,(x) + a,x°¢;(x) ]
P (X) F [R3(x) §o(x) — () §u(x) — @i d(x) B, ((x)] pu(x) },
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or
Pux)[2(a;  +ap)x +4x +x°,(x)] ~ p,/(x)4,(x)
=[a345(x) 4, 1(x) + m(x) $,(x) — 13(x) B,(x) — m,(x) §(x)x°
- 47'[,,(X)X3 - 2a121+ lxnn(x) - 2a3xnn(x):] pn(x)' (351 )

Dividing both sides of (3.51) by ¢,(x), noting that ¢,(x) is always positive
since a,>0, and ¢,x) is an even polynomial, we get the desired
polynomial as follows:

173 x 4x“ !
pit)~ |2k, a4 o | it
+ [azm(x) by () T (x) — 12(x) — 7 (e — 4 T2
$()
a2, xmy(x)  aixm(x)
-2z -2 . x)=0. 3.52
(%) () ] Palx) (3:32)

In order to prove this theorem, we must transform p,(x) in (3.52) to z(x).
Since z(x) = p,(x) exp(—x°/12) ¢, (x)~ "2,

Palx) =z(x) exp(x®/12) 4,(x)"". (3.53)

Differentiating (3.53), we have

Pu(x) =exp(x°/12) ¢,(x)?2'(x) + 57 - exp(x°/12) 4, (x)"?2(x)
+3exp(x°/12) ¢,(x) " 4.(x)] z(x). (3.54)

Differentiating (3.54), and combining the similar terms, we obtain

pa(x)=exp(x°/12) ¢,7(x) z"(x) + [3x° exp(x%/12) ¢)(x)
+3exp(x%/12) 4, '2(x) $,(x) + 1x7 exp(x%/12) 4(x)
+3exp(x¥/12) 4,(x) ™ 2¢,(x)] 2'(x) + [3x* exp(x°/12) ¢,*(x)
+3x'% exp(x¥/12) ¢%(x)
+4x7 exp(x/12) ¢, '2(x) $(x) §x° exp(x°/12) 4,7 2(x) $,(x)
— 1 exp(x°/12) ¢, ¥3(x) 4,(x) 4,(x)
+5exp(x?/12) ¢, '*(x) 4,(x)] z(x)

= exp(x/12) 4,7(x) 2"(x) + [x” exp(x®/12) ¢ /*(x)

+exp(x¥/12) ¢, *(x) $(x)] 2'(x) + [3x* exp(x°/12) ¢,/%(x)
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+ 4 exp(x/12) 17 (x) + 4x" exp(x12) g, Px) - i)
— Lexp(x/12) ¢, *(x) () $(x)
+Lexp(x12) ¢, 12(x) ()] 2(x). (3.55)

Plugging (3.53), (3.54), (3.55) into (3.52) and using the fact that

4’( +2( ,1+|+a”)—¢;(X),

we see that the coefficient of z'(x) becomes zero, and we have
exp(x®/12) ¢12(x) z"(x)

3 exp(12) 1)+ exp(x/12) (0
+%v exp(x/12) g, 2(x) $)x)
,%exp $/12) 8, 72(x) (x) 41(x)

;exp( °/12) p, 2(x) hL(x)
_ % X5 exp(x%/12) 4, V3(x) (x)
,%exp(v/lzm ) 4() 6, V(%)
_% X' exp(x©/12) ¢12(x)

1 ,
— 3 eplx/12)8, ) i)+ (@301 6, (0

(X)X 2nn(x) 'xan+ 1

¢ )
T,(x)xa?

“ %/12) ¢1/2 3.56
o )} /12 g m} (3.56)

1 (x) = m(x) — m,(x)x° —

Combining the like terms and dividing (3.56) by exp(x®/12)¢}2(x),
arrive at
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1 1 5 3
() +| <030, 0 (043 6 =40 400 4,700

+ % ¢ ' (X) @0 (x) + @l (x) @, _ 1 (x) + m(x) — mi(x) — 7, (x)x

=0, (3.57)

dr,(x)x* 2a?, xm,(x) 2aixm,(x)
- — :| z(x)

$n(x) $.(x) $n(x)
which completes the proof of Lemma 6.

LEMMA 7. There exists a constant ¢ >0 such that for 0 <e <n/2

32n\
: 1 — 2= 2 x
llflng,s)ljp j~cosl:S ) x[(32n/5)~ 16 <1 [ x < 5 ) :| p"( )

x exp( —x°/6) dx < c(1 —cos ).

Proof of Lemma 7. From (3.40), we have

3
2; (afl¢n l(x)_aiarzl+ 1 |x| - ai"‘c' _azarzi 1 |xl - ai|x|

1 1
—3al®) P (@0 —alar I~ el - a1

1
—a3|x|3—§a,1|x|5> pa(x). (3.58)

Now we are going to show that if # is sufficiently large and |x| < (32n/5)"¢
then the expression inside the second parenthesis on the right of (3.58) is
positive. By the definition of ¢,(x), this expression can be written as

2

ai¢n(x)_a3a2 |xl —af,|x| —aia,H 1 |x| _afyix‘-'} _%an|x|5

nn+l
2

2 4 .2 6 4,2 4,2 2 .4
n+1x ta,a +an+aa +anan+l+anan+l

n%n—1 n*n+1

— 42,4 4,2 2
=da,x t+a,x"+a,a

ayyr—anay o |x| = aylx| —ajay |x| = ag|x|* = Sa,|x],

2 42
ta,a n+2 " “n

n“n+1

which, by the long division algorithm, can be transformed to
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2 - 3.2 5 2 - 3 R i oS
an¢n('\)_anan+1|x| _anl“ | anan—l‘\l _—an‘xl 73“/1""
4 2 2 2 2 2 N/ PR
Xt 2x7 2an—a; ba; —2a; , , +2a. Ry
=ay | —+—5+ E |x] + 5 l~—2
an u” a” (l” a”
282 2 2 2 2 2 4
a 2an+1+2an———l+anrl+1+2an+l+an+lan+2 a"vl
a2 a2 az (l4 4
n H n H a”

(3.59)

To show that this is positive if # is sufficiently large, we first consider the
expression inside the first parenthesis, which is

4 2 2 2 2 2 2
x 2x* 2a;—az,,) 6al—2al,  +2a |
St 3 x| + 7 :
a, a ; a

n n n n

The first two terms of this expression are obviously positive. As for the last
two terms, with aid of (3.41), and the assumption |x|<(32n/5)"¢, we
obtain

6az—2a;’,+,+2c1,2,,,]+2(a27a2 )

"
2 3
n n

>6_2615+1+2a,2,,,,+2( —at, ) <32n>1y6
= 5 3 5

a

2
a, a, a,

n n n

By the asymptotic of a,,,

6a,—2a,  +2a, | 2a —a. )
2 + 3
1 1 n\ Yo 1
- _ i _
-2 sﬁo(nz))*{z[(l) (1+0(3)]
" }

R r

1 |
>6~2<1+ +0(
3n n?

v

a a
(32n>
2 /n\ Ve ey (320 1/ 8 1

if n is sufficiently large.
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Next, we consider the expression 1—|x|/2a, in (3.59). Since |x|<
(32n/5)"¢, we have

Ix| 1 32n <n 16 1
1— =1— =1—-{— —
2a, 2a, 10/ a,

. (1/10) "
(n/10)S[ 1+ (1/36)(1/n?) + O(1/n*) ]

n2

=1 3.61
13650 > (3.61)

if n is sufficiently large. Finally, we consider the expression inside the last
parenthesis of (3.58).

2 2 2 2 4 2 2 2

a, 1 2a,,, ai, 4, a,,, 6an 2a,,  +2a;
it —+ 2 +—

a’ a a a

2
1 1 1
(1———+0<—2>)+1+2<1+ +0<—2))+1+ +1
3 n n
+2+0<1) [6 2—£+2——+0< )]
3n n 3 n?

1
=—+0 <n2> > 0, if n is sufficiently large. (3.62)

As a consequence of (3.60), (3.61) and (3.62),
az¢,(x)—aya;_ | |x| —a;|x| —aya} x| —a}|x]* —1a,|x|* >0,
if » is sufficiently large. It follows from (3.58) that

.
3 z P+ @2, ()~ a3l x| — a3l —adad x| —allxl’

1 .
=7 an |x|?) p2(x), if n is sufficiently large.

Using (3.45), we see that

_ | x| a$la? ,a2_, ab | 2a
_Z" 1pk(x)>—l:6(l—2a pf,(x)+; ;4 24 41+ L

n

a? 2a?,  —a?
+1_+_ '21;1—6— ( n+1a "*‘)]pz(x)

640/50/3-5
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(3.63)

While proving the preceding inequality, we have used the fact that
a®nz1/10 if n is sufficiently large, which can be easily seen from the

asymptotic of a,. From (3.63), we have

! >3 (2
. kZO >3 ( 2a”> pa(x)
3 1— IX‘/zan)(l + |x\/20,,) 2
-3 1+ [x|2a, Palx)
_3 —x’/4a? ,
ST+ xl2a, P

(3.64)

From the asymptotic of a,, it is easy to see that 4a2 > (32n/5)'” if n is sul-

ficiently large, and from (3.61), |x|/2a, < 1. Therefore (3.64) implies

n 32 173
£ - (2) o]

20\ L), 10 ¢
| —— <_ 2
I (%) @it 3 2, PH)

or

Applying Lemma 4 to the right-hand side of preceding inequality, we get

32\ 17
[1-(2) "= & i

k 0
< Bn % exp(x°/6),
where B is a constant.
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Therefore,
[1-2 () | messt—xvsr<an
and
li,,mﬂsip Losg@xuszn/sr"k] [1 —x2 <—3—§—'—1)]/3:l pA(x) exp(—x5/6) dx

1/6 3 1/6
<limsupn "¢ |:<3—§—n> — (cos €) (-—?—) ] ‘B

<c(l —cose),

where ¢ is a constant. Thus the proof of Lemma 7 is complete.
From Lemma6, we know that z(x)=p,(x)exp(—x%12)¢, V*(x)
satisfies the differential equation:

| SR ) B+ =30 100 8,70
36 10 B0 + 03,30 6, () +T40) — T26) = (0
m,(x)- x> X m(x)-a?, at-x- nn(x)J
—4 _2. —2. :=0, (3
5.0 5.0 5.0 (365)

where
pux)=a}, (@ +al,  +a, )+ala) +a)+a, ) +xa,,, +ai+x),
and
T (x)=a’x(al_,+a’+a’,, +x)
Thus, if we define s, as
s,=a(al_,+ai+a;,,), (3.66)

then we can express ¢,(x) and =,(x) as

Pu(X)=5,, 1 +s,+x* (a2, +a+x?), (3.67)

n(x)=s,x+a’x’.

In the following lemma, we will investigate the asymptotic behavior of the
coefficient of z in (3.65), which will be denoted as f,(x).
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LEmMMA 8. Letr 0 <<e <m/2 be fixed and let g be defined by

1 2 |
g(0)= —ECOS 6()—§cos 40—5005 2041,

then we have

n 1/3 . . B 1 2 ‘
4<T6) sin® 6 fn(x)-[ng(H)JrE} + O(1)

uniformly for ¢ <0< — ¢, where x =2(n/10)"¢ cos 0.

(3.68)

(3.69)

Proof of Lemma 8. First, we will find the asymptotics for some basic
expressions which we need when we proceed with the proof. Basically, all
these asymptotics are derived from the asymptotic of a4, and the above

given condition x = 2(n/10)"¢ cos 0.

2
an—l+a +an+1

e (o) (Leofd)

n 5/6
= <1—0-> (6 cos 6+ 8 cos® 8)+ O(n~ "),

(3.70)

(3.71)
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¢n(x)zsn+ 1 +Sn+x2(ai+l +a3¢+x2)

() (o)) () (4o ()

7 \23 n\23 1
6l L nyt —a/3
<1o> +2(10) PRRUI

n 2/3 4 n 2/3
8 (— 20+ (—
" (10) cos +3(10)

-lcoszﬂ+4 2 1/300529‘0(1’1‘5/3’)+16 i 2/3<:os46’
n 10 10
n 2/3

:(1—0> [8cos? O+ 16cos* O +6]+O(n'7?),

$i(x)=2x(al,  +a’)+4x>

=2-2 <1£0>U6 cos 0 [(%)m (1 +3Ln+ 0 (%))

() (o)) 2(2) o
=+(i) "o [2 () o5 ()

N
+O0(n~*?*)+32 (E) cos’ 6

12
= ({%) [8cos G+ 32cos’ 8]+ O(n V%)

259

(3.72)

(3.73)
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and

Gi(x)=2(a’,  +al)+12x°

n 1/3 1 n 1/3 n 13 )
=2 — — | — 53 a2 )
[2(1()) +3n(10> + O(n )]+12 2 <IO> cos™ 6

173
= (%) [4+48cos’ 0]+ 0(n 7). (3.74)

We will now find the asymptotic for each term in f,(x), using the above
basic asymptotics.

1. The first term:

2. The second term:

- % X, (x) §(x)

—1X[4x? + 2(a2 , | +al)x]

n+ 1"
Sy s, x4+ (a2, +ad)x?
1 2°(n/10)" cos® O (n/10)'*(8 cos B+ 32 cos™ §) + O(n )]
2 (n/10)**[8 cos? 0 + 16 cos* 0+ 6]+ O(n ')
1

4/3
- -2 [25 (% cos’ 0(8 cos 0 + 32 cos® 0) + O(nm)J

23
[(%) (8 cos? O+ 16cos* 0 +6) '+0(n5"'3)J

_ < n >2”3 cos® 6(8 cos 0 + 32 cos® 0) 4 Otn-

J— 0 1/3 .
10 8cos?B+16cos*0+6 (=)

3. The third term:
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4. The fourth term:
—30,(x) 9,(x) 4, 4(x)=0(n""").

This follows immediately from (3.72) and (3.73).
5. The fifth term:

1,1 (x) gn(x)=0(n"17).
This follows from (3.72) and (3.74).

6. The next four terms:

a121¢n(x) ¢n— l(x) + 7[;1()()— nrzr(x) - nn(x) ’ x5

o)} () o
o) oo ) 1o )
() o () (o)
() (1vo)

n 2/3
:24"’1 (1—0> cos? 0+ 0(11'71'/3)

0 \53 n\23
+ 60 (T(_)> cos’ 0+ 0(n="?)+12 (E) cos2 0

5/3 2/3
+0(n“‘”)+36<10> +O(n ‘/’3)+3<110> +0(n )

5/3
= <%> [160 cos* 0 + 60 cos? 6 + 36]

n\23
+<E> [12cos? 0+3]+ O(n—173).

7. The next three terms, which can be written as

—4n,,(x)x? —2xm,(x)a? , | — 2xa’m,(x)

¢"(x)
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Let us find the asymptotic for numerator first.

3 . 2 .
—4m,(x)x’—2xm(x)al, | —2xn,(x)al

4 [(%) (6 cos 0+ 8 cos” 6) + O(n 76)H2* <1%> cos 0
n 1/6 n ;3 l ]

~4(1m) w0l (m) (rmrolm)]
n 1/6 n 1/3 1

=s(is) o) (o))

5/6
[(l%) (6cos @ +8cos*0)+ O(n~ 7”"):)

~ a2 a2
N - — 30 - e . 1;2
L 32(10) cos” 0 8(10> cos 0+ O(n )]

1\ V6 ’ N
:—32<—16> (6 cos @+ 8 cos* ) cos® 0+ O(n 2")~8<m>

(6 cos O+ 8 cos B)cos 8+ O(n )+ O(n'?)

il

43
= (1£0> (— 192 cos* 6 — 256 cos® 0 — 48 cos® 6 — 64 cos* 0) + O(n'?)

4;3
= (%) (—256 cos® 0 — 256 cos* 0 — 48 cos” 0) + O(n'"?).

So from (3.72), we see that

—dn,(x)x* = 2xm, (x)al, | —2xm,(x)a?

$.(x)
n\ 43

- 1
= l:(ﬁ)) (—256 cos® 0 — 256 cos* § —48 cos* §)+ O (F)jl

2/3
[(%> (8cos’ 0+ 16cos*0+6) '+0(n S/})}
_ ( i )2/3 —256 cos® § — 256 cos* O — 48 cos? §

7 o ).
10 16cos 0 +8cos20+6 +0 )

To get the asymptotic for f,(x), we must add all the above asymptotics
from case 1 to case 7 together. To simplify the computation, let us first add
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those which contain the factor (n/10)%°. Thus, we obtain, from cases 2, 3, 6
and 7,
o[ 1\ cos’ B(8 cos 0 + 32 cos® 0)
10 8cos?@+ 16cos*0+6

2/3
+0(n""?)+40 (—l%) cos* 0

n 2/3
+ <m> (12cos’§+3)+0(n '?)

n\** —256 cos® 0 —256 cos* 4 0 — 48 cos’ 0 s
10 4 2 +0(n ! )
10 16 cos* 0+ 8cos“0+6
n 2/3
:<m> [—128 cos® 0 — 512 cos® 8+ 40 cos* §

“(8cos?B+16cos* 0+6)+(12cos’> 8+ 3)
(8 cos? 0+ 16 cos® 0+ 6) — 256 cos® § — 256 cos* 0
— 48 cos? 07/(16 cos* 0 +8 cos? 8+ 6) + O(n '3

_(n 23128 cos® 0+ 128 cos® 0 + 128 cos* 0 +48 cos? 0 + 18
10 16 cos* 0 +8cos20+6

+ O(fl l,/’3)
_( n )2"3 1(16 cos* 0 + 8 cos? 6 + 6)*

_ 0 —1/3
10 16 cos* 0+ 8 cos’0+6 +0(r=")

1 2/3 ’
:§<1”—0> (16 cos* + 8 cos? 0+ 6) + O(n ). (3.75)

Next, we add those asymptotics which contain the factor (r/10)*°. We thus
obtain, from the above cases 1 and 6,

s(M\7 o n\*"? 4 2 - 1/3
-2 o) <o 0+ 10 (160 cos* 0+ 60 cos” 0+ 36)+ O(n~'7)

5/3
= (1'1—0> (160 cos?* 0 + 60 cos?® 8 + 36 — 256 cos'® 0) + O(n~'7)

10
+256 cos* 0+ 96 cos> 0+ 36)+ O(n~"'"?)

n 5/3
=< ) (1 —cos? 8)(256 cos® 0 + 256 cos® 0

5/3
= <%> sin® 0(16 cos* 0 + 8 cos’0 + 6)* + O(n~'7°). (3.76)
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Combining (3.75) and (3.76), we get

53

[ n\ 4 2 n 2
f.(x) =5 <-1—6> (t6cos* 6+ 8cos” 0+ 6)+ <m> sin” ¢
(16 cos? 0+ 8 cos* 8+ 6 +0(n 7). (3.77)
It follows that
1/3
4 (%) sin® - £,(x)

—2 () sin2 016 cos* 0+ 8 cos’ 0+ 6) + 4 —) sin* @
10 10
(16 cos* @+ 8 cos? 0+ 6)° + O(1)

1 2
=[2 <%> sin29(I6cos48+8c0526+6)+5J +0(1)

- 17
:[g sin? 6(16 cos* 0 + 8 cos? 9+6)+5J +0(1). (3.78)
Comparing (3.69) with (3.78). We see that if we can show

Lsin® 0(16 cos® 0+ 8 cos® 6+ 6)

= — {5008 60 — 2 cos 40 — 1 cos 20 + 1, (3.79)

then the proof of this lemma will be established. Indeed,
. 2 4 2
gsm (16 cos* @+ 8 cos” H+6)

11—cos?20 1 + cos 26\? 1+ cos 20
- R il B
52 [16< 2 ) +8< )+ ]

11—cos 20 1 1 3
= — — + - 20 + -
5 3 [16<8COS49 2cos 8>

(T 4|

(1 —cos 26)(cos 46 + 4 cos 20 + 8 + 2 cos 20)

) o—
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(cos 40 + 4 cos 260 + 8 + 2 cos 20

| —

— cos 20 cos 40 — 6 cos?20 — 8 cos 20)
1
=3 [cos 40 + 6 cos 20 + 8 ~% (cos 66 + cos 20)

|
—6-%348—800520]

1 2 1
= —— 60 — = —— 1.
0 cos 3 cos 40 5 cos 260 +

Thus, the proof is complete.
Now we are in a position to prove Theorem 1.

4, PROOFS

Proof of Theorem 1. We decompose the proof of this theorem into four
stages.

Stage 1. Let us recall that the function z(x)=p,(x)exp(—x°/12)-
[#,(x)] ' satisfies a differential equation

2"+ fi(x)z=0, (4.1)
where
£ = g2 )4 xS 40 10 8,2 ()
30 () B0+ @,06) B, () + ) )~ (o)
dn,(x) x> 2xm,(x)-a?,, 2xm,(x)-a
_ _ nl . 42
4,00 .00 5,(%) (42)
Now let
32m\ Ve n\ve
X = <?> cos =2 <1—0> cos 0, (4.3)
and

7\ /6
u(@)=z(x)=z <2 (E) cos 9>. (4.4)



266 RONG-CHYU SHEEN

In this stage, we will transform the differential equation (4.1) to a differen-
tial equation in terms of ¥ and 6. From (4.3) and (4.4), we see that

adu _ dz dx
do ~ dx d

dz n\"
:E<42<T6) sm()), (4.5)

du  dz n\'"? dz n\"®
o= g = in“0)+—=| —2{— 0| 4.6
7 dx2< (1()) sin >+dx[ (1()) cos :| (4.6)

It follows from (4.5) that

dz du 32n\ e |
E:%[<-§—> (sin 6) } (4.7)

SO

Now applying (4.6) and (4.7), we obtain
d*z n\'"? .,
Ez— <4 (—0> sin- ﬁ)
d’u  dz n\ve
== = 22X 9
€0’ a’x[ <10> COS(]

2 d 3 16 16
:3-0—2~d—g[<-?> (sin §) ‘][—2(%) cos()]

_dzu du (0
Ta

d’z (d*u du 1/n\ 1
(LY o) (L) ——). .
e <d92 a6 <! )(4(10) sin20> (4.8)

Inserting (4.8) into (4.1), we get

d’u  du 1/n\ % 1 X
<WAE cot 0)(2 <T(—)> sm—ze) +/,,(X) M(H)—O

d*u  du
do* do

Therefore

or

1/3
cot ()+<32?n> sin® 87, (x) u(8) = 0. (4.9)
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Stage 2. Let

172
1(0)=u(0)| 80)+5- | (sin0)

| 5 | (4.10)
wher g(0) = —mcos 69—3005 49—5 cos 20 + 1
and
o 1
1(0):f |:g(t)+—] dr. (4.11)
/2 2"[

In this stage, we will transform (4.9) to a differential equation in terms of v
and 7.
From (4.10), we have

—1,2
u(0) = v(6) [g(@) +i] (sin §)1?
2n
= 0(0)(t,) ~ (sin 0)2. (4.12)

Differentiating (4.12) yields

up=10,74(ty) "+ 0[(sin 6)"(1y) "],

=v,(1y)"*(sin 8)"2 + o[ (sin 6)"*(z,) "1, (4.13)

This implies
Upo = .. (T4)**(sin 0)"2 + v, [t}?(sin 0)'?],
+0,79[(zg) " *(sin 8)2 74 + v[(sin 6)*(15) 19
=, (1)(sin ) + v [$r, 214(sin 6)'2
+11)2(sin 0) 7' cos O — L1, 1214(sin 6)'
+ 42}2(sin 0) ~'? cos 0] + v[ (sin 6)15 )4y
= Urr(fo)m(sm 0)' + v, 7)*(sin 8)~ 12 cos 8

+v[(sin 0)1; V2] ,. (4.14)

From (4.13), we have

uycot §=1v (1,)"?(sin @) 2 cos 0 + v cot [ (sin 0)'3(1,) "' ],. (4.15)
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Inserting (4.12), (4.14) and (4.15) into (4.9), we obtain
Urr(‘f())}'rz(sm 9)1"2 +v[(sin ())]'VVZ(TU) ] 2]00
—vcot B[ (sin ) >(r,) '],

1/3
+y<32Tn> sin? 0f (x)(z,) '“(sin )7 =0. (4.16)

Applying Lemma 8 to the last term on the left of (4.16), we get
v (T9)*(sin 0)"7 + o[ (sin ) (1)~ ] ge

—vecot 8[(sin 0)"*(t,) ?],

+ n?0(t,)(sin 8)'2 + O(1)w =0, (4.17)
where we have used the fact that 7, is bounded, which can be easily seen
from (4.11) and the definmition of g(#). Also note that from (3.79), if

e<fH<n—e¢ then

1 2 1
g = —mcos 60v§cos49—§cos20+1

1
=§sin2 (16 cos* 6+ 8 cos” 6 + 6)

6 .,
zgsin‘s>0, (4.18)
)
1
Tp= g(9)+ﬂ
nginzs>0. (4.19)

Hence we see that (t,)*?(sin 8)* is bounded away from 0. Therefore we
can divide (4.17) by (7,)**(sin #)"? and obtain

v v[(sin 0)*(14) 1o
o (14)*(sin 6)7
_ voot O[(sin 8)'2(z4) " "],
(t4)*(sin 6)'

+n?v=0(1)o.
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But in view of (4.18) and (4.19), the second term and the third term of the
preceding equation are both O(1)s, hence can be absorbed to the right-
hand side. Thus, we get

v.+nw=0(1)»  uniformlyfore<0<n—¢, g> £>0. (4.20)

Stage 3. In this stage, we will solve (4.20) and then get an asymptotic
for p,(x). From Lemma 5, we know that

exp(—x%/12) | p(x)|=0(n~""?)  uniformly for e<O<n —e.
Thus, from (4.14), we get

u(0)=: <2 <%> / cos 0)

(n= 1) ¢, (x)
(n %) 0(n~'7?), (4.21)

=0
o

where, the last equality of (4.21) comes from (3.72). Hence, from (4.10), we
have

lo(e)l = O(n "),
Inserting this into (4.20) gives

v, +nv=0(n ")

Solving this as a nonhomogeneous second order differential equation, we
obtain

0) .
v(t)=v(0) cos nr+vr( )sm nt
T COS T - sin at - sin 1T - COS nt
[ R o) di
0 —nSsi” nt—ncos” nt
0 1
=v(0) cos m+msin nt +—f O(n=*"ysin[n(t —1)] dt
n nJo
0
= (0) cos m+”‘f1 ) sin ne + O(n 1712 (4.22)

uniformly for e<O<n—e¢
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Now, we will find v(0) and v.(0)/n of the preceding equation. If 1 =0,

then from (4.11), 8 = n/2. Consequently x =0 by (4.3). Hence {rom (4.10)
and (4.4), we have the following

1 1.2
w(0) = p,(0)[4,(0)] [g (g) +-2-};]

6 17"
=pn(0)[¢n(0)]"'2[§+5} . (4.23)

By using Lemma 3, (4.23) becomes

wrson(F)s o} (3 (o)
n

12
= A cos <fz’f> n=V2[¢ (0)] 12 (g) +O(n~ 1712y, (4.24)

where we have used the fact, due to (3.72),
(4,001 '"2=0(n ') (4.25)
On the other hand, since from (4.10),
dv dvdl

=g g = L(0)(z) P (sin 0) ](z,)

; [u(@)% (t)) oplsin0) - (ml]
+ [u(@)(ré,)”2 (—%) (sin @)~ cos H(TH)]:|,

if 1=0, 1e., 8 =n/2 or x=0, then

v.(0)=u <g> : [10 G)] ° (4.26)
Since from (4.5),

du dz 5 n\e 0
a0 dx 10) "

- [p;,(x) b, 12 (x) exp(—x*/12)
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# pa3) (=3 6277000 41030 expl —12)

, ! n\"e
+ pa(x) B, V3 (x) (_E x5> exp( —x6/12)}[— 2 (m) sin 9],

(4.26) can be evaluated as

9\ /6 1 -1
=m0 d 70| () S| L @

By applying Lemma 3, (4.27) becomes

Ur(()) =6 10"5/6,4 - n3/4 sin (?)(1 +0 (%)) ¢n~ 1/2(0)
32n\'0 /6 1\ 12
[-5) 15r2)
1/2
=~ (3) oo (F) e (140 ()

where A is a constant. Using (4.25), we obtain

e (§>W [4,(0)1 " sin (ﬂ)'”””+0(n”“2>- (4.28)
n 5 2

Inserting (4.24) and (4.28) into (4.22), we obtain
1/2
v(t)=A4 cos (%) n V2[4,(0)] 12 (g) COS HT
6 1/2
-4(3) L0 2

A . _
-sm(-é—)n 2. sinnt+ O(n~"""'%)

1/2
=4 @ [4,(0)17"7-n~ " cos (m +nz—n> +0(n™'""%) (429)

uniformly for e<O0<n—e.

640/50/3-6
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We can write this equation in terms of p,(x) as

pa(x) exp(—x°/12) ¢, 2 [8(9) + %J C(sing) 12

6

12 , nm .
- A <_5_> [¢"(O)] 1/2"—”1/12 - COS <,n. +_2_> + 0()1 — 17,12).

Dividing both sides by ¢, "*(x)[ g(6) + 1/2n]"*(sin ) "', and using the
fact that ¢, >(x)=O(n '), we obtain

pn(x) exp( - x6/12)

_ ¢n(x) 172 ) 1 - 1/2 6 1/2 s
5] wnolaoez] ()

-(sin ) ' cos <nr + 11;) +O(n ¥, (4.30)

Now consider the expression [¢,(x)/9,(0)]"*(sin 0)[ g(8)+ 1/2n] "2
(6/5)"? in (4.30). Using (3.72) and (3.79) we have

¢,,(X) 12 . 1 12 6 1,2

o] omorsosg] ()
_ [("/10)2/3(8 cos” 0+ 16 cos* 0+ 6) + O(n~'/*)7]"2
- 2(n/10)*3(3 + O(1/n)) }

-sin 0 - (6/5)""
[1/5sin? 6(16 cos* 6 + 8 cos* § + 6) + 1/2n] "2

n 2/3 1 " —2/3 172
G Te) o s

- {6"*(16 cos* 0 +8cos?0+6) ">+ 0(n" ")}

/2

1
_ [(6) (8 cos? 0+ 16 cos* 0+ 6)'2

+0 (%ﬂ [/6(16 cos* 0+ 8 cos20+6)""+0(n1)]

=14+0(n").
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Inserting this into (4.30), then we have
Pa(x) exp(—x°/12)

— An~'"(sin 0) 2 cos (nr n %) FOMm ). (431)

Stage 4. In this stage, we are going to find the constant 4 and complete
the proof. Before we proceed, we make the following remark: If A(0) is a
continuous function then by a change of variable, we have

th(e) cos(2nt + nt) df

&

=(~1) rz h(6)[ g(6)] '(sin 0 cos 2nw + cos @ sin 2aw) dw, (4.32)

£]

where w=1— (0 —1/2)/2n,

and

Note that from (4.19), w is a continuous, strictly increasing function of 4 if
n is sufficiently large, so its inverse exists. Hence in (4.32) we can also
express h(0)[ g(0)] ' sin @ or h(8)[ g(9)] ' cos O as a continuous function
of w. Thus, we can apply the Riemann-Lebesgue lemma to conclude that

lim f " h(8) cos(2nt + nm) d =0, (4.33)

&

Now, let us return to our problem.
Since

p2(x) exp(—x°/6) dx

‘Lxl < (32n/5)cose

<rl p2(x) exp(—x%/6) dx = 1
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it follows from (4.31) that

JN; {[:Az ‘n I,’/()(Sin 0) 1 COS2 <I’1T +%>]

+2 [An Y13(sin 0) "' - cos (m +E> ~O(n ‘3"‘2)J

2
, 321\ 16

+O0(n Wb)}[—(T") sinH:Idf)sl, (4.34)
or

noe 32\ 10 nm 1

j 42 (= cos2<m+— dh<1+0 —). (4.35)

& 5 2 n
Since

, < nn) 1 + cos(2nt + nn)
cos™ | nt +7 = ) >

(4.35) can be written as

2V 1 (32
An—2e)(22) s a2 (2
(n e)<5> 2+ <5>

| B 1
-—f cos(2nr+nn)a’0<l+0<—>.
2. n

Letting n — oo and applying (4.33), we obtain

5 1 1/6
Ar-20)(55) <!

Since 0 < e < n/2 is arbitrary,

So

A < 10],/12_ i 1/2.

Next, we will show A>10""?x""2 to conclude that 4 =10""2g"12
Applying the recursion formula, we obtain
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[1 —x? (%)qﬂ] p2(x) exp(—x%/6) dx

g

—oC

=" p2x)exp(—x%/6) dx

© 2\ - 173
- (3—5”> X2 p2(x) exp( —x°/6) dx

3m\ 2
:1—(—5—”> (@, +a). (4.36)

Since if |x| > (32n/5)"°, then 1 — x*(32n/5) ' <0, we have

[ (2) e

32 —-1/3
<] [1—x2 (—”) :|p( xX)exp(—x%/6) dx. (437)
x| < (32n75)16 5

Combining (4.36) and (4.37), we see that

20\ V2
1“<7> (a7, +al)
32n\ V3
gJ.I < (32 /5;'6[] - <—5_> ]pn( )yexp(—x°/6) dx
L (32n\ P ]
SJI\ (32n/5) 6 cose T-x —5‘ pi(x) exp(—x°/6) dx

2\ A
N e (2)
cose(32n)5)'8 < v} < (32n0/5)170 5

p2(x) exp(—x%/6) dx. (4.38)

From (4.3) and the asymptotic expression (4.31), it follows that

3 -1/3
J ,:1 —x? <2> ] p2(x) exp(—x°/6) dx
Jx] < (32n/5)0cos e 5

—j sin? 0 {[ n~Y8(sin §) ! cos? (nr +ﬁ2§)]

+2 I:An”z(sin )% cos (m +?> O(n”/‘z)}
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1/6 -
+ 0 (n ‘3""’)H<§%ﬁ> sin HJ db

= fﬂ “sin2 0 [Azn “1%(sin 6) ' cos? <nr+%ﬂ

1/6
: [(%) sin 0] dd+0(n ")
1 L6 n e
=4 <T6) j sin’ § do

&

1AV oo
+A2<m> j sin? 0 cos(2nt + n) dO+O(n 1), (4.39)

Now let n - oo and apply (4.33), we get

~ 32 143
lim supJ [l —x? <——ﬁ> } p2(x) exp(—x°/6) dx
n—o x 1x] < cosef32n/5)10 5
1\"n
<A’ — —. 4.4
(10) 2 (4.40)

Combining (4.38), (4.40) and Lemma 7, we see that if n > oo then

e (D)7 )
2\ 10 3 c cos e¢).

Let ¢ — 0, then

or
A?= 10V 1
Since A >0 by Lemma 3, we conclude that
A=10V0n 172
Thus

A= 101/]271, - l/'2.
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Replacing 4 by 10>z~ "2 in (4.31), we obtain
Ppalx) exp(—x°/12)

, ‘ nn
=10"2x 2p=Y12(sin )2 cos <nr +—> +O(n= 1312,

2
where
0
1= )y+—|dt
J‘71/2[ ( ) }
0 1 2 1 1
= - 61 —- 4t —— 21+ 1 dt
L/z |: 0 cos 6¢ 5 cos 3 cosat+ 1+ 2'1]
1 1 1 0 =
=—@sm60 051n48——sm20+9 §+§;_E'
Consequently,

p.(x) exp(—x°/12)

=10"12g =121 = 112(5in 0) "2 cos [g% (606 — 15 sin 26 — 6 sin 46

6
_ 2z O(n 1312y,
sin 60) + 5 4] +O(n )

The proof of this theorem is complete.

Proof of Theorem 2. From (3.38) we have

Z pk n— (X) ppzr(X)+a:21¢n(x)pﬁ71(x)
+a,[n, (x)=n,(x)=x¢, (x)] p.(x)p, (x) (441)

Applying (3.71) and (3.72), we obtain

173 1 23 ’
T (L Rty B
n\? 1
(%) (+ol)]
. n\*? 13 2
()7 seot st o
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a0\ 1 e
(1) (rro()Hon
32m) e . *
+ <__5n> cos - [(%) B+0O(n ' )J} Pulx) py ),

where B =16 cos® 0 + 8 cos? § + 6. Simplifying, we get

Eopi(x)=[<m)3+0( )] 2x)+ [<1O>B+O( )} pEo(x)
-2 [(T%) B cos (}+0(1)} paAx)p, (x)

(1()) Bpi(x)+O0(n "°)exp(x®/6)
(1())3 pi_(x)+O0(n ") exp(x/6)
—2( )Bcos@p,,( ) p, ((x)+O(n V) exp(x®/6)

0(l6cos 0 +8cos’ 0+ 6)[ p2(x)+ pl (x)
—2cos Op,(x) p, (X)]+O0(n "*)exp(x?/6).  (4.42)

Multiplying (4.42) by exp(—x°/6) gives

exp(—x/6) Y pi(x)

:% (16 cos* O+ 8 cos® 8+ 6)[ p2(x)+ p2 (x)
—2c¢0s Op,(x) p, 1(x)]-exp(—x°/6)+O(n " %).  (4.43)

Thus, if we can find the asymptotic for [pi(x)+p?_ (x)—
2cos Op,(x) p,, _(x)] exp(—x®/6), then the theorem will be proved easily.
Applying Theorem 1,

Pafx) exp(—x°/12)(sin 6,)"

=10Y"r =12 V12 cog (nrl +%7—T-> +O(n~ 1), (4.44)
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Squaring (4.44), we have

10Yeg ~'n =18 cos?(nt, + nn/2)
: +
sin 8,

plexp(—x%/6) = O(n~7%), (4.45)

where x=(32n/5)"°cos 8, and t,={%, [g(1)+1/2n]dt, g(r) is the
function defined in Lemma 8.
Also, using Theorem 1, we have

P _1(x)exp(—x%/12)
(n—1)m

=10""2g 2p~'2(sin 0,) " cos [(n — 1), + ] + O(n 1312,
(4.46)
Squaring both sides of (4.46), we obtain
P2 (x)exp(—x%/6)sin 0,

(n—1)n
2

=10"°71 'n 10 cos? [(n — 1), + ] +0(n~7%), (4.47)

where x = [32(n—1)/5]"° cos 6, and 1, = [%,[ g(¢) + 1/2(n—1)] dt. In the
above, we have used 0,, 0,, 1, and 7, to denote the distinct values. In view
of (4.44), (4.45), (446) and (447), to find the asymptotic for [ p3(x)+
P2 (x}—2cos Bp,(x) p,_,(x)] exp(—x°6), the main task will be
investigating the asymptotic relationship between 6, and 0, and also
between t, and t1,. Let us consider the former case first. Since

x=(32n/5)"¢ cos ), = (32(n — 1)/5)*® cos 8, we have -

1/6 1/6 1\ /6
<-3?—> cos 8, = (3—?1> <1 — —> cos 6,.
n

So
1 1/6
cos 61=<1—;> cos 8,, (4.48)
or
cos 6
02 =COS ! [W:‘ (449)

From the above derivation and (4.49), we see that given 0,, and if # is suf-
ficiently large, then we always can find 0, such that (32x/5)/cos 9, =
(32(n—1)/5)"¢ cos 0,, i.e., they represent same value for x. Also observe
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from (4.49) that if » increases, then 8, approaches ¢, from the right if 0, is
in the second quadrant and from left if 0, is in the first quadrant. This
observation leads to the following remark: If O<e, <mn/2 and
x={32n/5)""®cos #,, where ¢, <0,<m—¢,, then there exists n, and &,
depending on ¢, such that 0 <&, < n/2 and if x = (32(n—1)/5)"¢ cos }, and
n>n, then &, <6, <n—e¢,. This fact makes the operations on (4.46) and
(4.47) possible as n — o0. From (4.48), we obtain

1 1/6
(?\zcos‘[<l——> cos 92]
n

s 0, 1
=cos ! [cos 02—00b '+O(—7>J. (4.50)
6n n-

Since the derivative of cos '(x) is —1/sin[cos “'(x)], applying the Mean
Value Theorem to (4.50), we get (for the time being, fix n)

1 —cos 0, 1
0, =cos '(cos 0} += RS
1 =cos_(cos ~)+sm[cos '(cos 99)][ on +0<n2>]
—1 [ —cos 0 Iy
AL 2+0<<>J, (421
sinf, | 6n n

where cos 0, is a value between cos 0, and cos 0, —cos 8,/6n + O(1/n?).
Since the asymptotic for 8, is unique, and 6, — 0, as n —» oc, we obtain
from (4.51)

1 1
(),:93+——cot63+0<—7). (4.52)
6n n°

Next, let us investigate the relation between 7, and t,. By the above
definition of 7, and t,, we have

o, 1
= f [g(t) +5ﬂ dr

0, 4 o 1 4
= t _
J‘7!/2 g([) * J;r/Z <2n> !
0, 0 o1
:j g(z)dr+f g(z)dz+j — (4.53)
/2 22 /2 2”

and
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2 1
T2:J02[g(t)+2(n__ 1)] dt

:jg g(z)dz+j [2n—1)]'dr. (4.54)

nj2

Thus, with the aid of {4.52), we obtain

7, frzzf: g(t)dt+(01 —g-> (2n) ! —(02—3) [2m—1)]"

b

0 6, _, . n
=], i+ 5= 00 ) - H=1)
—[" g0y di+(8,~02) =+ 0(n?)
0 2n
zf“ () di+0(n 2) (4.55)

Now applying the Mean Value Theorem for integrals, we get
T, —T= (0, —0,) g(0')+ 0(n?), (4.56)

where 6’ is a value between 6, and 8,, so we can write 0’ as ' =0, +k,
where |k| <|0,— 60, =0O(1/n). Therefore, by using the Mean Value
Theorem, we obtain from (4.56)
T —1,=(0,—0,) g0, +k)+0(n?)
=(0,—0,)[ g(8,) + g'(DkI+0(n?)
=(0,~0,) g(0,)+ 0(n?)

1
:5cot 0, g(6,)+ O(n?). (4.57)

Now return to (4.46) and (4.47). We will investigate (n— 1), + (n— 1)n/2
and sin 8, in these two equations. From (4.57), we get

nt, —nt, = tcot 0, g(0,) + O(n").
Hence
1

a 1
nt, —nrz-&-rz:gcot 0, g(92)+J‘/2 [g(t)+2(—n:T)] dt

1 62 1
——cot ezg(92)+j g(z)dt+0<—>.
6 n/2 n
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Therefore

N

1
nt,—(n— 1), + 3 U

NSTIe}

Using (3.79), we get

6

1 1 1 ;
5 cot 0, g(6,)=-cot 8, [3 sin® 0,(16 cos* 0, + 8 cos” ), + 6)}

1
=35 <0 6, sin 0,(16 cos* 0, + 8 cos® 0, + 6)

i 3

1 20
+38 (—%) +6}

1
:@sin 20,[16+ 12 cos 20, + 2 cos 40, ]

5 1
—1—sin262[16<1+2w529” +cos 406,

cotty g(b)+ | glnydi+Z+in ') (458)

16 3 1
=—sin 26, + — sin 26, cos 28, + — sin 20, cos 44,

60 15 30

1. 1. .
=7 sin 20, + T0 sin 46, + %0 sin 66,,

and

2 0> 1 2 1
[ . g(r)dz:j . |:~1—Ocos 6t—§cos 4t-§cos 2+ 1

/2

1 1. 1.
:——sm662~—sm492—Zsm262+6)2—g.

60 10

Inserting (4.59) and (4.60) into (4.58), we obtain

which can be written as

m,+fzf=(n~1)r2+(n—1)g+01+0(n*‘)-

(4.59)

(4.60)

(4.61)
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Also, from (4.52) and the fact that sin 6, and sin 6, are bounded away from
zero, we have

1 1
sin @, sin(f, + O(1/n))

1
" sin 8, + cos(0’) O(1/n)

=(sinf,)"! [1 +0 (l>] l
n

=(sin6,) '+ 0 <l> . (4.62)

n

Applying (4.61) and (4.62), we can write (4.46) and (4.47) as
P 1(x) exp(—x®/12)(sin 6,)"
1712 - 1/2,,--1/12 nn - 13/12
=10""*n " n cos(nrl+—2——9|>+0(n 2y, (4.63)
and

pi . 1(x)exp(—x°/6)
_10"°n 'n VY cos*(nt, +nn/2—0))
B sin 0,

+O0(n ). (4.64)

Now applying (4.44), (445), (4.63) and (4.64) to the expression
[pix)+py (x)—2c0s 0, p,(x)p,_i(x)]-exp(—x°/6) in (443), we
obtain

[p2x)+p) ((x)—2cos 0 p,(x)p, (x)] exp(—x°/6)

10"z~ 'n " YS[cos?(nt, 4+ n/2) + cos’(nt, + nn/2 — 6,)]
sin 0,

_2cosf;- 106z ~'n =Y cos(nt, + nmn/2) - cos(nt, +nmn/2 — 0,)
sin 8,

+0(n 7%

= {10"®z~'n Y[ 1 + cos(2nt, + nn — 0,) cos 0, ]
—10Y%r 'n Y cos 8, [cos(2nt, + nw —8,)

+cos 8,]}/sin 0,

640:50,3-7
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+0(n 7%
=107 'n VO{[1 +cos(2nt, +nr—0,)cos 0, ]
—(cos 0,)- [cos(2nt, + nn —0,)
+cos6,]}/sin 6, + O(n ")

_ 10%7 'n- .m,(l —cos?8)) +0n 7
sin 6,

=10"7"'n YOsin0,+O0(n 7). (4.65)

Inserting (4.65) into (4.43), we conclude that

n -1
Y pi(x)exp(—x%6)
k=0
= (16cos* 0, +8 cos” 0, +6)[10"x 'n " sin ),
+0(n )]+ 0(n %)
:T%(IGCOs“(),+80052()1+6)'10116.7.[ n l'ﬁsin()|+0(n 16)

=10 ¥z 'sin6,(16cos* @, +8cos? 0, +6) >+ O0(n ). (4.66)

Now the theorem follows immediately from (4.66).

Proof of Theorem 3. The proof will be derived from Theorem 1. If xe 4,
then x can be expressed as (32r/5)' cos 0, so

B 1 i {6 :|
f = cos [(32}1) x |. (4.67)

Based on this equality, we can change all the expressions in Theorem |
which involve 6 to the ones in terms of x. We do this beginning with the
expression inside the parenthesis. Applying the equalities

sin 68 =4 sin 8- cos 6 - cos> 28 + 2 sin 8 - cos 0 - cos 46
and

cos 4 =8 cos* @ —8cos 0+ 1,
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we obtain
15 sin 26 + 6 sin 40 + sin 60
=30sin #-cos 8+ 24 sin 8- cos 8- cos 20 + 4 sin 8- cos B
“(4cos*0—4cos?f+1)+2sin0-cos 0 (8 cos* @ —8cos>+1)

=sin 0 (32 cos® 6+ 16 cos® 0 + 12 cos 9). (4.68)
In view of (4.67), we can write sin 8 as follows:
sin@=[1—cos?0]'"?

| 1 1
=1 —Ecoszﬁ—~cos“9——cosﬁe

8 16

5 8 7 10 -2
158 cos® 6 55¢ <08 0+ 0(n—?). (4.69)

It follows that

15 sin 26 + 6 sin 46 + sin 60

1 1 1
2{1 —Ecoszﬁ——gcos“ﬁ—ﬁcos"ﬂ

5 8 7 10 -2
~7ag 08 B—ﬁcos 0+ 0(n7)
-(32cos® @+ 16 cos® 0+ 12 cos 0)

45
=12 cos 6 + 10 cos® 0+—2—c0550

75 175 189
-700570—§cosgﬁ—acos”6+0(n’z)
5\ 5\2 457 5\% _ 75/ 5\
:1 o ) - 3 —_ = s_ " = 7
2(32n> Hlo(zzn) x+2<32n> x 4(32}1) X
175/ 5\ , 189/ 5\
22} -2 2) M yomy .
2 (32n> T 6 (32n> x0T (4.70)

From (4.67),
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5 16
f=cos [(E) .\'J
o 5 1:6 l 5 >1,(y .
= — ] — X—{ — X
27 \32) T 6\3m

3 5 5/6 . 5 5 76 ;
_E<E> 3 _m<§2_n> !

3575\ 63 [ 5\ i
S (2w O (2N i om ),
1152(32n> ‘ 2816(32}1) v HonT)

Combining (4.70) and (4.71), we have

600 — 15 sin 260 — 6 sin 46 — sin 60

5 16 5 376
i . 2 - o 3
=30n—72 <32n> x—20 <32n> X

5\ . 225/ 5\
27(?5,1) ¥ +W(E> v

L ERRNSE R o)
8 \32m) Y T3\3m) ok

(4.71)

(4.72)

Now the asymptotic of the bracket-expression in Theorem 1 can be

obtained by using (4.71) and (4.72) as follows:
" (600 — 15 sin 20— 6 sin 40— sin 60) + =
@( — 15 sin 20 — 6 sin 46/ — sin 3
_mo 65N\ e 1[5 12.\3.”12
“2"75\3) V" T3\3)
_.2%<%>9/6.x5.nw
[15 /57 . 5 e
* <32> ¥ _§<32) X}"
35 2, 2 o
SETE et
3

+ 189( >”6‘c“— <—> \’5:|fl 6 4+ O(n
| 7040 \ 32 ’ 80132 ’

IS
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Hence

n 0 =
n B . 6 sin 40 — i 0 =n
cos [60(609 15 sin 26 — 6 sin 40 s1n667)+2 4}

— cos 6<n>5/6 +5 n\'? 3+9 <n Y6 o nm
= o) *"12\10) Y Tea\0) T T2
- cos EVEARERYEAN -1/6
s6\32) ¢ "2\3:2) *|”
3505\ . 1 /SN ],
HEICI —a(ﬁ> #
189 S 5/6
[7040< ) <3z> x]" }
+ sin ( ( 1/2x3+9 n\" o nn
T Tea\10) * T2
1 1/6
Sm{[—s@ 3l5) v
/2 1 1/2
[576( ) _2< > "3]”

189 /5\'"* || 3 /5\" . 56 .
+|:m<*3—§> X _§6<3_2> x]n }—FO(H ) (473)

Let us rewrite this as

n . . . 0 =«
cos [@(600~ 15 sin 26 — 6 sin 46 — sin 66)+§_Z]

=¢os Fcos G+sin Fsin G+ O(n™'), (4.74)

where F and G are the corresponding expressions in (4.73). Now, we will
get the asymptotic expansions for cos G and sin G. From (4.73), we see that

cosG=1-2G+2G*+0 (. (4.75)
Sb=ITY T n '
and

N I R 1
SinG =G~z G*+ 735G +0(;). (4.76)
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On the other hand, we have
2 1575\ 7 L/s 7 1/%6
G‘{[s_6<§> A 2(32> }
. _32 5 3/2 . 1 5 1.2 R e

si6\32) Y T12l3) Y "

189 5 11/6 . 3 5 5/6 s s 2
+[7040<5) * ‘%<“33> J }
225 (S\7P . ISSN\Y L L/S5\M T,

“[3136(3‘2) Y ‘%(ﬁ) o +Z(§2") x]”
75 S\ 425 [ 5\
2[4608 <§> T (33) o

1 f5\"
+2_4<§) x"}n‘z"'3+0(n N, (477)

15/5\7 175\ P 5
Gi=l2(2) {2 . —1/2 R
[56(32> § 2(32) ] [ (2>
9 ’ - 1
()Hm()x ()] |
3375 (5)7 w675 (SN0 5\,
—_— X7+ — — X
175616 \ 32 T2\ 224 (32
B e, [ 23625 (5 S
8 32 o 1806336 \32)
(1575, 615 ) 32\!76 ,7+<105 FECAVERSA
32256 37632\ 5 ) 2304 o2 \32)

I [5)\%
kﬁ(ﬁ) x5]n5”6+0(n’), (4.78)

1 5 7/6 1 5 16 4
o'~|g(zm) i) o[rroe
[ 50625 /5N 0 13500 [ 5\,
“|9834296\32) * 351032132/
+ 1350 i 16/6 6 60 5 1o/6 0
12544\32) % "aas\3:;)

1/ 5\%®
+ 'Iz <3—2> ,Y4] n —2/3 + O(I’l l) (479)
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and
1S/5\" _ 1/5\V 7
¢~[%(z) “-3lzm) <] oeon
_[ 759375 (5)35/’6 253125 [ 5\¥e
“1 550731776 \32)  F T 19668992 (55) o
Q33750 (5B L2250 (5N,
702464 \32) 25088132/
75 5 11/6 . l 5 5/6 s sk .

Inserting (4.77) and (4.79) into (4.75), we obtain
~205(5\" 15 5\ 15\ T

cosG=1 +[——6272 (ﬁ) X +-1-l'§(§> X ”g(ﬁ) x :l}’l

16875 (5 . 4500 (5 we

o =) =) x

78675968 \ 32 2809856 \ 32

+< -5 225) 5\%° 16+(425 5 )(5)’0/6 0

x ——— . —_—
1536 ' 50176\ 32 8064 896 /\32 o

11 \/ S5\
+<-ﬁ+@)<§> x4]”2/3+0(n*‘)- (4.81)

Similarly, inserting (4.78) and (4.80) into {4.76), we get
. 15/5\ , 1/5\" 1
smG—[5—6<3—2> X —§<3—2—> x]n
L[z1esys 7 n, 225 (5 'S/GY,S
351232\32) ¢ T 125aa\32) -
9/6 1 5 1/2
LR 3 —1/2
576 448>< > o 16(32) x]”

50625 < >35/6 s 16875 <5>2"/" "
4405854208 \32) T 157351936\32)

(7
[

+< 6750 7875 )( s >23/°x23
(

+

-+

16859136 3612672 /\ 32

(=25, 1T T 5)17/6 ,
301056 | 21504 T 25088 \32) F
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15 189 105 45 sy
+ + — - =]
21504 7040 13824 4032 /\32

AL I A VARV RN
3840 796 80)\32) Y |7 TO ) (482

To simplify the computation, we rewrite cos G and sin G as follows:

cos G=1+P,(x)n """+ Po(x)n > +0(n "), (483)
sinG=0,(x)n " +0,(x)n P H0(x)n 4+ 0", (4.84)

where P,(x) and Q,(x) denote the corresponding polynomials in (4.81) and
(4.82). Now, from (4.67), we have

(sin@) '"?=(1—cos?0) '

LS\, 575\, ,
"‘*Z(E) . +§<ﬂ> WHOm ). (485)
Combining (4.74), (4.83), (4.84) and (4.85), we obtain

0
(sin @) 'cos [% (6060 — 15 sin 20 — 6 sin 40 — sin 60) +§~§]

1S\, 575\
— l I 3 2 I B 4 i
[ +4(3.271) AT <32n> 0]

AL+ Py(x)n P4 Py(x)n ] -cos F
+[Qi(x)n e+ Qy(x)n P+ Q5(x)n V*]sin F+O0(n ")}

’ ’ 1 5 1/3 )
=[1+Pl(x)n"'3+P2(x)n 2’3+Z<§§> x?

L[5\
'nl’j—l—z(ﬁ) x2-Pix)n

55\ 4. .23
+§ <3—2> X" n } cos F
+[Q|(X)” Yor Qu(x)n 2+ Qs(x)n ¢

175\ 175\
Y 2, —2, 22 2. 5/6
+4 <32> x*-Q(x)n +4 <32> X7 Qy(x)n
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O PR P AT A N P AT
—{ ‘+’|: I(X)+1<§> x]n +l: Z(X)+Z<§> X PI(X)

1/5\' 5 7/ 5\2/3
+[Q3(-’C)+Z<§> x2'Qz(X)+§(3—2> x“-Q](x)]ns/s}

sin F+0(n™ "), (4.86)

where
1 5 1/3 ,
P](K)+Z<§> X
S5/ 5\ 15 (5N L 1[5\
S22 2) a2 (2 e 487
[6272 <32> X +112<32> X+8(32> *]’ (4:87)
1 5 1/3 R 5 5 2/3
HX) | = Pix)+=(=] x*
P_(x)+4<32> X 1(x)+32<32) X
16875 (5 34500 5)22/6 b
= e == X = x
78675968 \ 32 2809856 \ 32
(=75, 22 <5 " e, (425 ><5 s
4608 " 50176 )\32) * "\%06a s96/\32) *
oy S\,
+<_ﬁ+§8_4><3_2> x]
RYEAIN A
s\32) Ylem \z) *
+£<i e 15\, +i<i -
112332/ * "3\32) Y |Tn2l\3x:z) *
16875 [ S\'? . 1125 S\
=———| = X = X
78675968 \ 32 702464 \ 32

325 (S\A . 325 5\, 11 [5\
T 150528 (ﬁ) SR TIES) <§> x +1_28<§> Xh o (488)
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175\,
Qz(x)+z(§> 1 04(x)

1125 (N7, 205 (5N
3s1am\32) ¥ TTsa\n)
5 /2 ,
+ 576 448 32 o
FEANEE ERYEAt
+Z< ) * [5‘( > * (32) X]
1125 /5\72 S\ L
_351232<32> x +12544<3) x

95 S\ , 3 /5\"* |
2 (2} o2} 8 489
* 1008 (32) X 16<32> ¥ (4.89)

and finally,

1S\, 5 75\
Q3(x)+Z<3—2> x*-Qz(x)+§(§) x*0,(x)

50625  (5\%° . 16875 (5 7
= — XV —— — :
4405854208 \ 32 157351936 \ 32

. ( 6750 7875 1125 \(S5\P°
16859136 3612672 1404928 )\32)

L(2225 17575 25\ (5\TC
301056 ' 21504 ' 25088 ' s0176 \32)
<15+189_105A45+35 5
21504 7040 13824 4032 ' 2304 1792

A (5)]”6x“+< L, 1.3 1.5 (5 e
1792 \32) ° 3820 796 80 64 64)\32) *
50625 (5 We 16875 [ 5\

= | — X = e | — X

4405854208 \ 32 157351936 \ 32

3625 ( SN (TS NS\
1404928 \32) ° 301056 /\32)

L 203881 (SN 31 (SN 450
3548160032) T 2%6\32) - (4.90)
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Now, the theorem follows immediately from (4.86), (4.87), (4.88), (4.89),
(4.90) and Theorem 1.
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